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A!3STRAC T

This ice engineering guide is an aid to designers and builders of small
craft harbors in northern climates. In these areas ice does great damage to
structures. The guide has been prepared from a review of the technical
literature, consultation with knowledgeable engineers, contractors, and sci-
entists, and field observations. It is applicable to lake ice in protected
harbors. Information on the behavior and properties of ice and ice covers
is presented. Descriptions of ice pressures of thermal origin and estimated
thrusts on structures are given. The operation and design of compressed air
suppression systems are explained. Safe bearing loads on ice sheets are
estimated, as well as ice uplift loads for design. The information present-
ed answers many questions about ice behavior and serves as a basis for
innovative and economical small craft harbor design.
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PREFACE

More than a hundred years ago Dumble �858! stated,

"I may add, that the ignorance, or want o1 proper appreci-
ation, of the properties of ice, evinced in the construction
of numerous wharves, piers, and bridges on the inland lakes
and rivers of Canada and the northern States, has proved a
source of infinite annoyance and of immense expense".

Dumble was an engineer with the Cobourg and Peterborough Railway. Today,
most designers of small craft harbors in northern climates have an appre-
ciation of the behavior of ice. However, the level of relative ignorance
about ice behavior is still high.

Designers and builders should continue innovations and improvements
in the state of the art of small craft harbor construction in northern
climates. This publication endeavors to aid them and serve as a guide.
It is a first step. It is incomplete. And likely will never be totally
complete due to the uncertainty existing in the field of ice engineering.
It is hoped the U.S. Cold Regions Research and Engineering Laboratory
 US CRREL! will subsequently expand and update ice information necessary
to construct small craft harbors in ice conditions.

C. Allen Wortley
Principal Investigator

Madison, Wisconsin
January, 1978

The successful design and construction of small craft harbor structures
 such as docks, piers, and piles! subjected to ice forces and motions con-
tinues to be an uncertain science. The four methods currently being used
are: �! Predict the ice forces and motions, both horizontal and vertical,
and design the marina structures to withstand them, �! Predict the ice
prevention or suppression capabilities of various systems to remove the
adverse effects of ice or render them ineffective, �! Estimate the relative
scope of structure required by local comparative studies of successful and
unsuccessful constructions and build accordingly, and �! Remove the dockage
by either beaching floating docks or retracting fixed piers.
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I NT ROD UCT ION

This publication is a guide for designers and builders of small craft
harbors in northern climates, where ice forces and motions do qreat damage
to man's works.

It ha been prepared from a review of the literature, consultation
with knowledqeable engineers, contractors and =,cientists, and the experi-
ences and observations of the principal investiqator and members of an
Advisory Committee.

Zariinq �974! prepared an annotated bibliography entitled "Ice
Engineering in Small Craft carinas". This work served as the startinq
point for reviewinq the literature. Additional and more recent publica-
tions were examined as well as many of those noted in the bibliography.
There is a large amount of information in the overall. field of ice
engineering and ice physics. However, very little is easily applied by
the small craft harbor designer or builder because of its research-
technical nature. Also much of the information doesn't relate directly
to the problems of designers and builders, or is of such orders of mag-
nitude as to render it useless for safe and economical design.

However it is from the more useful, more current, and more applied
information in the literature that much of' this guide has been prepared.
The literature has been freely cited. No additional laboratory experi-
mental. work has been undertaken. Field observations and measurements have
been made and have influenced the recommendations derived from the infor-
mation in the literature.

Ice for purposes of thi . guide is primarily stationary lake ice.
River ice, ice floes and sea ice are not specifically dealt with. They
can and do present different problems. Small craft harbors are custom-
arily built in sheltered areas, away from dynamic ice forces.

The guide is divided into five parts. Part I presents information
on the characteristics, behavior and properties of ice and ice covers.
It presents as much specific quantitative information as is available.
The other information presented is of a general nature but useful in
understanding ice and its behavior.





Part II deals vith ice pressures of thermal origin. It is derived
largely from current laboratory research on thrusts on hydraulic structures.
Certain information however is applicable to small craft harbors.

Part III presents recommendations for des'.gn and construction of com-
pressed air ice suppression systems and other <nformation on weakening ice.
These suppression systems are effective in smail craft harbors.

Part. IV discusses the bearing capacity of ice and presents recommended
maximum short term construction loadings.

Part U gives minimum and expected maximum values f' or ice uplift forces.
Information about other ice forces is also presented.

As stated initially this is a guide for designers and builders of
marinas in northern climates. It by no means answers all the pertinent
questions, nor does it present all the "how to's". This is beyond our
present scope and our present abilities ~

It is hoped that the reader mill review a<I Parts of this guide and
form an overall understanding of ice behavior. Successful, .innovative
and economical design of small craft harbor structures is our goal.





UNIT S

Conversion Factors: U.S. Customar to SI t'letric Units

f/easurements in this guide are shoen in customary U.S. units with SI
metric equivalents. Specific quantities are ccnverted accurately, but. where
the measurements are general the conversion is approximate only. As much of
the source data was in the metric system and not the U.S. customary or the
SI systems, some data appear to have "odd" values. For example, pressures
in kilograms per square centimeter  kg/cm2! have been converted to pounds
per square inch  psi! and kilonevtons per square meter  kN/m2!. The SI unit
for pressure is pascal  Pa!. Qne Pa is equal to one N/m ~ because ve are
dealing with forces, and forces per unit length, as cell ss pressures, ve
have elected to leave pressures in force-length units rather than the deriv-
ed pressure unit Pa.

Some U.S. Customary to SI I'letric conversion factors are given below.
The ASTI'1 K300-76 Standard for /metric Practice gives additional conversion
factors'

Vu~lti ly
To Convert

square centimeters  cm2!
square meters  m2!

square inches  sq in!
square feet  sq ft!

6.45

0.093

cubic centimeters  cm !
cubic meters  m3!

cubic inches  cu in!
cubic feei.  cu ft!

16.39

0.02B3

kilograms  kg!
kilo grams  kg!
metric tons  mt!

pounds  lb!
tons  ton!
tons  ton!

0.453

907.185

0.907

inches  in!
inches  in!
feet  ft!
yards  yd!
miles  mi!
inches per yard  in/yd!

millimeters  mm!
centimeters  cm!
meters  m!
meters  m!
kilometers  km!
millimeters per meter  mm/m!

25.40

2.540

0.3040

0.9144

1.609

27.7B





To Convert Hulti 1 6

nevtons  N!
kilonevtons  kN!
nevtons  N!

4.448

4.448

9.806

14.59

square foot  psf!
square inch  psi!
square inch  psi!
square inch  psi!

47.88

6.89

0.00689

0.07031

pounds per
pounds per
pounds per
pounds per

6.89

16.02

0.555

  F-32!/1.8

0. 001548

929.03

3.152

4186.8

5.678

0.1442

meters per second 0.4470

»not an SI unit

one pound force  lb!
one kip  kip!
one kilogram f'orce  kg!

kips per foot  kips/ft!

kips per square inch  ksi!

pounds per cubic foot  pcf!

Degree Fahrenheit   F!
Temperature Fahrenheit  F!

square feet per minute
  f t2/min!

square feet per hour
 ft2/hr!

Btu per hour per square foot
 Btu hr 1 ft 2!

Btu per pound per degree
F ahrenhei t
 Btu lb 1 F-1!

Btu per hour per square
foot per degree Fahrenheit
 Btu hr 1 f t-2 F -1!

Btu inch per hour per
square foot per degree
Fahrenheit

 Btu in hr 1 ft 2 F 1!

miles per hour  mph!

kilonevtons per meter  kN/m!

nevtons per square meter  N/m2!
kilonevtons per square meter  kN/m2!
meganevtons per square meter  t" N/m2}
kilograms per square centimeter

 kg/cm2!»
meganevtons per .square meter  IiN/m !

kilograms per cubic meter  kg/m !»

Degree Celsius   C!»
Temperature Celsius  C!»

square meters per second
 m2/sec!

square centimeters per second
 cm2/hr!

vatts per square meter
�I m 2!

joule per kilogram per degree
Celsius  J kg-1 C 1!+

vatts per square meter per degree
Celsius  W m � C !

vatts per meter per degree Celsius
 it'/ m C 1!»



PART I

ICE AND ICE COVER i

This section of' the guide contains information on the crystal struc-
ture of ice, the polycrystalline forms of ice, the nucleation and growth
of ice, the freeze-up and break-up processes on fresh-eater lakes,
the thicknesses and behavior of ice covers and some introductory
material on the deformation and strength of polycrystalline ice, a visco-
elastic material.

Some of the material is pertinent to present design techniques for
small craft harbors and some is only of general background interest. The
general information may be useful in developing new design techniques, ex-
plaining behavior of ice covers, understanding other ice research papers
and monographs that readers may come in contact with, and in other ways in
the future. The material should answer some of the readers' questions
about ice and confirm some of their observations in the field.

Simply stated, ice is not well understood. At the present time
straight-forward and proven design approaches for small craft harbors
are not available. Therefore the best approach for design is to begin
with an understanding of the present state of knowledge about ice, es-
pecially in the context of small craft harbors, and go from there.

Those wishing more detailed technical and theoretical information
on the physics and mechanics of ice should consult references such as
the two monographs by Glen �974, 1975! and te> tbooks by Pounder �965!
and Hobbs �974! .



Cr stal Structure of Ice

Ice is a solid consisting of a crystallographic arrangement of water
molecules. Each molecule has an oxygen atom wi.th chemical bonds with two
hydrogen atoms'

Although several forms of ice can exist, we shall be concerned only
with the ordinary form of ice. It is the form with which most people are
familiar. This form is hexagonal in crystal symmetry. The symmetry is
clearly demonstrated in the symmetry of many snow crystals.

Each crystal of ice is made up of water molecules arranged in a reg-
ular geometric pattern forming hexagon prisms. The axis of the prism is
known as the optic axis and the surface perpendicular to this axis is
called the basal plane. Crystallographic terminology labels planes and
directions. In the hexagonal system, there are three directions in the
basal plane that are crystallographically equivalent. These directions
are called a, b and d  sometimes al a2, and ay! and the axis perpendicu-
lar to the basal plane is called the c-axis  i.e, the optic axis!.

Runnels �966! suggests that at the molecular level the seemingly rigid
perfection of the ice crystal is disrupted by an astonishingly busy traffic
of molecules and migrating lattice faults. There is a good deal of empty
space between molecules and hence ice has a rather open structure. Because
of this fact, water, in contrast to almost all other substances, is less
dense in the solid state than in the liquid state. This results in ice
floating on water. The density of pure ice is given by Pounder �965! as
57.2 pcf  916.0 kg/m~!.

Ice encountered in nature, such as on a lake, is in a high temperature
state. It is floating on its own melt with its bottom surface at a tem-
perature equal to its melting point and the upper surface varying with
ambient conditions. Predicting the properties and behavior of a material
in such a state is quite dif'ficult.

Pol cr stalline Ice

Host bulk ice in nature consists of polycrystalline ice, that is, ice
composed of a large number of single crystals in different orientations.
Polycrystalline ice behaves differently from single crystals of ice because
of the existence of grain boundaries and the fact that single crystals are
anisotropic. A single crystal of ice has physical properties that are
different in directions parallel and perpendicular to its c-axis ~ If the
constituent crystals of polycrystalline ice are randomly oriented, then
the bulk properties will be some kind of average of the properties of the
single crystals of which it is composed. For some properties such as
elasticity, this averaging is fairly straightforward, but for others,
such as plastic deformation, there is such a radical difference in the
behavior of ice crystals in dif'ferent directions that the physical pro-
perties of the polycrystal are quite different from that of the single
crystall'



Moreover, the grain size as well as the crystal orientation of
polycrystalline ice has an effect on the strength and behavior of an ice
sheet. Fortunately, from a design point of view, those effects may be
minor for cold polycrystalline ice, the type that normally would present
the most severe forces on structures placed in ice. This may not always
be true for all kinds of polycrystalline ice encountered in lakes
and rivers ~ The kind of ice which forms depends upon its genesis.

Nucleation and Growth of Ice Cr stals

Ice in the absence of very great supercoolings or supersaturations
will only form if some nucleus is present on which it can grow. This can
be ice itself, and if an ice seed is present, ice will normally develop
and grow. It may also be a nucleus consisting of some other material.

Once an ice nucleus is present, ice can grow from the surrounding
eater provided the temperature remains favorable. How ice will grow will
depend on whether the water surface is supercooled, and also on the amount
of impurities it contains.

Michel and Ramseier �969! have classified river and lake ice based
upon its genesis, structure and texture. An ice sheet or ice cover is
divided into three basic ice formations: primary ice, secondary ice, and
snow ice.

Primary ice is the first type of ice of uniform structure and texture
which forms on a water body. On a calm water body the primary ice is in
the form of an ice skim which grows horizontally in the supercooled layer
and is about a hundredth of an inch  a few tenths of a mm! thick. Usually
when water freezes a little plate-like disc forms. It may rapidly develop
dendritic extensions depending on the amount of supercooling and the rate
of heat loss. Since the planar structure will naturally float with its
plane parallel to the surface, the ice which forms when water freezes often
has its surface crystals oriented with their c-axes vertical, i.e. perpen-
dicular to the free surface. These initial crystals spread over the sur-
face until they interact and form a layer over the whole surface of the
water. The subsequent growth of this layer downwards into the water is
not usually dendritic ~

In rough and turbulent water the primary ice consists of congealed
frazil slush which can be an inch  several centimeters! thick. Frazil
slush is a floating agglomerate of loosely packed individual ice crystals
having the form of small discoids or spicules which are formed in super-
cooled turbulent water. If the nucleation occurred by snow, the resulting
congealed snow slush  i.e. a loosely packed agglomerate of floating snow
particles! would also be part. of the primary ice.

Secondary ice forms parallel to the heat flow which is perpendicular
to the primary ice. As the ice grows down into the water under conditions
of calm formation and growth the grain boundaries are almost perpendicular
to the surface. The result is a columnar-grained structure with the c-axes



vertical in the long direction of the grains. This type of secondary ice
is referred to as type Sl. The crystal size increases vith depth, because
unfavorably oriented crystals disappear. Sl ice is found in lakes, reser-
voirs and in rivers with loe floe velocities.

S2 columnar ice is a secondary ice form with the c-axes horizontal.
It forms under similar conditions to Sl ice but where the primary ice has
a random or preferred vertical orientation superimposed on a random orien-
tation. As the ice groes doen into the eater, the c-axes vertical preferred
orientation gives eay to one in which the c-axes are horizontal. Some
crystals are eedged out at the expense of others. This type of ice is found
in lakes, reservoirs, shores and rivers.

Another type of secondary ice, but graunu .ar rather than columnar in
form, is S4 Congealed Frazil Slush. Its crystal boundaries are irregular
and the grains highly angular and randomly oriented. Frazil is found in
rivers chere it is taken downstream and deposited upwards under the sec-
ondary ice overlying more slowly moving eater. S4 ice is found in rivers
and reservoirs, and lakes fed by turbulent eaters. An entire ice cover
can consist of S4 ice or it can be found layered betveen columnar forms of
ice.

An interesting ice form, anchor ice, results vhen frazil is being
formed in supercooled eater. The frazil particles stick and grow on
bottom weeds and stones. After a night of frazil formation the morning
sun can cause anchor ice on stones and other objects to float to the
surface and be carried doenstream.

Snow ice is the third basic formation of ice. This type of ice alvays
forms on top of the primary ice due to snow deposits which lie on the ice
cover. Snoe ice may form due to variations in discharge of eater, by melt
or rain, or by the depression of the ice cover due to a heavy snow load.
In general snov ice is formed from any imaginable kind of vater source.
Tl is the designation for Snoe Ice and its grains are round to angular and
randomly oriented. Being granular it is similar in appearance to the S4
Congealed Frazil Slush ice found usually under the secondary ice layer.

The crystal size of ice depends greatly on meteorological parameters.
If the eater surface is calm and the temperature gradient is not too steep
extra large crystals eill develop. Their diameters can be greater than Q.B
inches �0 mm!. If the temperature gradient becomes larger then the crystal
size will decrease. If snow causes the nucleation, crystals vill be of the
0.2 inches � mm! size and smaller. Extra large and giant size crystals can
form under extremely calm conditions such as i~ a pool during the formation
of the primary ice layer. Crystal dimensions in yards  meters! are possible.

During the evolution of an ice cover the crystal size will change. In
lake ice it is possible to go from fine sized to extra large sized crystals
in a columnar layer if nucleation has occurred by snoe.

I oe and Langston �977! describe the groeth history of lake ice in rela-
tion to its stratigraphic, crystalline and mechanical structure. They have



successfully correlated specific increments of ice growth with major weather
events. This was accomplished by diagnosing bubble layering observed in
stratigraphic samples of lake ice. The ice covers of the two New Hampshire
lakes used in their studies contained two major components: lake ice formed
solely from the freezing of lake water and snow ice formed from the freezing
of water-saturated snow. The lake ice component consisted of predominately
fibrous-textured crystals with a vertical c-axis orientation. Columnar
crystals elongated in the vertical but with horizontal c-axes fabrics,
were observed only in the top 4 to 6 inches �0 to 15 cm! of ice that
fringed the shores of both lakes ~ These fabrics had reverted entirely to
a vertical c-axis condition at 6 inches �5 cm! depth. The reason for this re-
versal in orientation texture has not clearly been established. However,
indications are that the temperature gradient in the water may be a signi-
ficant factor in initially controlling the growth textures, since continued
growth of ice near shore resulted in rapid elimination of the horizontal
c-axis in favor of crystals with vertical c-axes.

Several variants of snow ice were distinguished, depending upon the
source of infiltrating water. 8oth ice types were readily distinguished
on the basis of differences in their stratigraphic and crystalline
structure.

Hichel and Ramseier �969! have also found that studying ice profiles
from lakes and rivers enables one to determine shat some of the meteorolo-
gical conditions were upon formation of the primary ice. Similar analyses
can be obtained from snow ice and overlying snow. They believe that in the
future it may even be possible to predict directly the texture at a parti-
cular site from meteorological and hydrodynamic data.

The predominant inclusion in ice is air. During solidification the
air is rejected at the ice-water interface and .is supplemented by gases aris-
ing from biochemical processes which take p1ace in a natural body of water.
Air can also be incorporated from the atmosphere through cracks, drained
snow ice or an agitated water surface. If the growth is slow most of the
air will be rejected and the ice will be transparent like glass. This
transparent ice is sometimes called black ice.  The term blue ice is
sometimes used in connection with glacial ice, but not transparent lake
ice.!

If the solidification process proceeds rap.idly air in the form of
bubbies will be distributed throughout some parts of the ice cover. If
air is being emitted continuously, the bubbles take on a cylindrical
shape. It is the air entrapped in ice that causes it to appear white.
This type of ice is sometimes called white ice. Snow ice is an example
of white ice because of entrapped air. Grain size does not determine the
color of ice. Frozen frazil ice can appear transparent in spite of its
granular texture.



Freeze-U and ISreak-U of Fresh Water Lakes

0 n
Water, in the temperature range of 39 F to 32 F � C to 0 C!, increases

in volume with decreasing temperature. This is contrary to the behavior of
most substances. In this temperature range the coefficient of expansion of
water is negative, that is, water expands as it becomes cooler. Since the
volume of a given mass of water is smallest at 39 F � C!, it has its
maximum density at this temperature. The negative coefficient of
expansion of water in this range is one of nature's anomalies. This
explains why lakes first freeze at their surfaces and why somewhat warmer
 and denser! water is found near the bottom.

Williams �966! has prepared a detailed and comprehensive description
of how fresh water lakes freeze and thaw. Nichel �971! also describes the
winter regime of rivers and lakes in a monograph. It too is comprehensive
and contains information on rivers as well as Lakes. For our purposes we
will recite the lake ice processes described by Williams �966!.

His descriptions are applicable to sheet .ice, the type that forms on
relatively still lakes, sloe-moving rivers, and sheltered harbors. Williams
designates three distinct periods in the life of sheet ice: the freeze-up
period, the ice-growth period, and the ice-melting period. These periods
roughly correspond with the fall, winter and spring seasons.

During the fall, or early winter, smaller lakes freeze over. A solid
ice sheet forms. In larger lakes the sheet may only cover harbors and the
area near the shoreline, but is generally extensive. The Great Lakes rarely
completely freeze over, at least for any extended period of time.

The formation of an ice cover on a lake is a function of the water' s
heat exchange with the atmosphere, the initial amount of heat stored in the
water body, and the amount af inflow of warm water  heat! to the site. The
amount of heat lost to the atmosphere is a function of the air temperature,
the wind velocity, and solar radiation. The amount of heat that can be
stored in a water body is a function of depth ~ Usually, the deeper the
lake, the deeper the convective mixing and the slower the rate of water
cooling for a given surface heat loss.  In a man-made harbor, depths are
usually shallow and hence significant thermal reserves because of depth
are not present.! Inflow of heat by currents From warmer water in rivers
or from deep reservoirs can prevent or delay sheet ice formation at certain
sites.

The cooling of a fresh water lake occurs in two stages: gradual cooling
until all the water is at a temperature of about 39 F � C!, and cooling of
the surface water from the time the water is isothermal  i.e. the same tem-
perature, top to bottom! at 39 F � C! until sheet ice forms.

First the warm lake surface water cools down  even steams or mists when
giving up its heat to the cool atmosphere! and thereby contracts and becomes
more dense. This water sinks in the less dense lake and forces up the lower
less dense, warmer water to in turn be cooled. This process is repeated
until the lake is isothermal at 39 F � C!. The lake has then "turned over".



From this point on the lighter, cooler surface eater continues to cool
down until it freezes as sheet ice.  A thin layer of' ice first forms along
the edges of the lake. A convective air motion from land toward rising
warm air over the lake cools the lake edges more rapidly than the center.!
Since the density af ice is even less than that of freezing eater, the
ice floats on the vater below it, and further freezing can only result from
heat floe upward by conduction.

The mid-winter period, chen the permanent, ice cover on lakes gradually
increases to a maximum thickness late in the winter, is a period of interest
to harbor engineers concerned eith ice pressure-, ice uplifts, and bearing
capacities.

When the ice cover is thin, and the air very cold, there vill be a rel-
atively large heat floe from the water, through the ice, to the atmosphere.
This vill cause a rapid increase in ice thickness at the interface beteeen
the ice and the eater. As the ice cover thickens, an insulating effect
occurs, and ice grows at a slover rate. A snow cover on the initial ice
formation can effectively prevent any further ice growth.

Ice normally grows doenvard into the eater, but not always. The upper
surface of ice can be submerged belov the eater level due to the veight of
a snow cover. Snow ice then forms and freezes an top of the ice sheet.
Sometimes this causes rapid increases in the total thickness.

A frozen snov covered lake can be highly variable in its underlying
stratigraphy. The snow cover can conceal slush and eeak layers of ice,
as well as strong sound ice.

The clearing of ice from bodies of eater at break-up is affected by
heat gain from the atmosphere, snow and ice conditions, eind and currents,
and inf lac or runoff of varm eater to a site. The heat gained from the
atmosphere eeakens and melts the ice. The amount of solar radiation ab-
sorbed is determined by the ref lectivity of the snow or ice surface. The
properties of the ice cover determine the depth solar radiation vill pene-
trate, causing internal melting. The thickness of the snov and ice is a
measure of the amount of ice to be melted. The mechanical action of eind
and currents is of great importance in breaking up the ice after it has
been eeakened by surface and internal melting.

At the beginning of break-up, snoe melt ruioff from surrounding land
areas may flood onto part of the lake surface. At the same time the snow
cover on the ice densifies and begins to melt. The runoff usually accumu-
lates near the mouths of streams draining into the lakes and along the
shoreline, producing dark-looking slush an the ice surface. At this stage
the darkened ice cover surface absorbs a large proportion of the incoming
solar radiation.

The ice around the shoreline tends ta melt first, partly because of the
darkened surface layers but also because the ice thickness is often less
close to the shore, where it can only grow as thick as the depth of the eater.
Eventually the ice cover completely melts around the shoreline, leaving the
main body of ice floating free. This body of ice can'still have considerable
strength.



During melting, drainage holes can develop in the ice sheet. In the
early stages of melt these holes develop near the shore often where runoff
flows into old thermal cracks. The flow is due to difference in level

between the lake water supporting the ice and the melt water on the ice
surface. Such drainage holes can enlarge rapidly, sometimes developing
into holes one to two feet �.3 to 0.6 m! in diameter.

Later on during melting, the main body of ice, floating free, melts
at the surface. This melt water flows along the surface of the ice and
eventually creates surface drainage patterns. It can drain to the open
water adjacent to the shoreline, or down the holes that appear to develop
preferentially a1ong old thermal cracks. 'If the surface melt water can
drain away, the surface of the ice becomes a porous, crumbly white struc-
ture which reflects solar radiation readily, thus retarding melting by
solar radiation. As the melt season progresses, penetrating solar radia-
tion causes internal melting in the ice sheet. At this time the ice sheet
may consist of a shallow, porous surface layer several inches  several cm!
thick, a layer of water-logged ice also several inches  several cm! thick,
and then solid unmelted ice  whose lower surface is melting in the lake
eater!.

In the final stages of break-up the underlying entrapped water layers
result in darkened surface ice and most of the incoming solar radiation is
absorbed. The ice is now ripe for breaking by wind and currents and is un-
safe for over-ice transportation. The current created by strong winds will
break up the ice cover and induce circulation that brings the warmer sub-
surface water to the surface. This can cause rapid melting of ice from a
lake. Indeed the final disappearance of ice covers has occurred so quickly
at. times that early observers believed that the ice actually sank.

The term rotten ice is sometimes used to refer to disintegrating ice
at break-up time. If the ice has a columnar structure it becomes candled
and is referred to as candle ice. Melting is concentrated at the bound-
aries of the columnar prisms leaving a weak candle-like structure.

williams �966! and Michel �971!, as well as others, have proposed
methods to estimate the date of freeze � up, maximum ice thickness, and the
date of break-up of fresh water lake ice. The method of doing this is ap-
proached in two ways: develop formulas based on physical principles, and
make an analysis of past records to give statistical limits within which
maximum ice thickness or freeze-up or break-up can be expected to occur.

The operational use of formulas is usually limited because of diffi-
culties in making dependable forcasts of such variables as air temperature
and snow depth. It is also diff'icult to allow for natural variability, as
the rate at which ice forms, grows, and melts varies not only from lake to
lake but on an individual lake.

The statistical climatological approach also has limitations. The
required long-term records are only available for some lakes and it is
difficult to use the records collected to estimate freeze-up or break-up
for other lakes with different sites and thermal regimes. In addition,
even for lakes where some long-term records are available, the statistical



approach vill only define upper and lower limits within which freeze-up or
break-up vill occur.

We believe direct on-site observations by the small craft harbor de-
signer coupled vith any information from local residents is the best approach
to predicting freeze-up or break-up. Ice thickness determination can be
handled in the same manner but of course modified by recommended design
criteria for minimum thicknesses and strengths.

The U.S. Great Lakes Environmental Research Laboratories  GLERL! in
cooperation with Canadian and other agencies ave involved in efforts to
understand and forcast behavior of ice formations on the Great Lakes.
Samples and measurements of ice thicknesses from many places on the Great
Lakes are underway. This information together vith other published measure-
ments and observations vill be useful to marina designers.

Anecdotal Behavior of Natural Ice Covers

Nany anecdotal accounts of the behavior of ice covers are contained in
the literature ~ Some of the explanations about its behavior have since
been proven wrong. Some have been substantiated with research and addition-
al observations. During the nineteenth century Dumble �858!, vho vas an
engineer with a railway company, published accounts of his observations on
inland lakes and rivers in the northern states and Canada. A fev of his
observations are repeated below together with some of our parenthetical
comments.

The most violent shoves of ice occur previous to rainstorms.  This
vould be associated with warm winter weatner and thermal expansion.!

Contraction generally occurs at night, and is accompanied by sharp
reports.  This vould be associated with cooling nighttime weather and
thermal contraction cracking'� !

A coating of snow of any depth over six inches �5 cm! effectively
prevents any motion of ice.  Snow is a very effective insulator and pre-
vents thermal motion of ice. !

It is but reasonable to suppose that any solid, equally dense through-
out its dimensions, and susceptible of expansion, would, when equally acted
upon by the active agent or moving cause, expand from its center towards its
circumference. This is the effect produced on any large field of ice of
equal thickness and density, when acted upon uniformly by either the mid-
day sun or warm winds. It is a fact, however, that it moves from other
directions than from the center of the lake. Shoves are sometimes witnessed
from the east and sometimes from the west, to the north and to the south.

Ice owing to the peculiar circumstances under which it sometimes forms,
is not found to be equally pure or aense, neither is it of uniform thickness.
This ice irregularly acted upon by warm winds, or by the slanting rays of the
sun at different altitudes, shoves, or expands from various directions other
than from the center of the lake.



Shoving is from the stronger and most susceptible ice toeard the eeaker
and less expansive.

Ice on any large and irregular sheet of eater studded eith islands must.
naturally be of unequal thickness and density, There is therefore no doubt
whatever, that the phenomenon of ice expanding and shoving from various
directions is caused by the unequal thickness, density and glareness of the
ice and likewise by the manner in vhich the heated atmosphere strikes it.

 Ice sheets and covers are variable in their composition and frequently
expand, contract and move in erratic mays.!

It is observed, that shen a large extent of field ice expands towards
the shore it does not shove into deep bays but fractures from point to point
in a zig-zag manner, across the chord at the mouth. A thrust of the main
field must find less resistance across this chord than around the area of the
bay.  Crack patterns can noe easily be observed from the air and indicate
@here ice has failed as it moved into or by some shore configuration such as
a bay.!

I'luch more recently Striegl �952! described the formation of' ice in the
Great Lakes, and particularly in Lake michigan.

Ice normally starts to form along the shores of the southern part of
Lake f'lichigan about the middle of December. By the early part of January
the initial ice sheet may reach a thickness of 6 to 8 inches �5 to 20 cm!
and extend off shore distance of one to five miles �.6 km to 8.0 km!
depending on the continuity of cold weather and the strength of' the einds.
Frequently during this initial ice period the thin ice cover may be broken
up by the mind and eave action. If the mind is toeard shore, one of a
series of eindrovs may develop @here the drifting cake of ice vill pile up
on or under the sheet of ice until it may reach a depth of many feet  meters!
above and below eater, and may ultimately pack to the bottom chere shallower
eater is reached. If the ice along the shore is eeak the windrow may be
pushed ashore until a large part of it is above the eater level. If the
mind is off shore the fields of floating ice are driven out into the lake
@here they may drift for long periods or pile up in ice eindroes or along
shore in another part of the lake, depending on the continuity and direction
of the wind.

Engineering structures built in the lake: for harbor protection or
other purposes must be designed to support enormous ice loads due to the
ice build up on the structure by continued freezing of eave mash and spray
or by loose ice piled on top of the structure by ice jams and then con-
solidated by continued freezing action. Those ice loads may pile up to 20
to 25 f eet � to 8 m! above the top of the structures. Usually this load,
does little damage to overloading individual structural members because of
the extra support and bridging effect of the ice itself. However, it may
cause considerable damage in other mays. Stones or concrete may be broken,
through freezing and thaving action to such sizes that they vill later be
displaced by eave action. Also large breakwater stones, up to several tons
each, may be carried bodily from the structure when encased in large ice
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blocks. Such stones have been carried by ice floes miles from structures
and dropped in navigable channels where they have become obstructions to
navigation. Smaller rocks have been found in the channels of harbors
which were picked up by the ice on the beach or from the structures and
floated with the ice to areas where they were dropped on melting or break-
ing of the ice.

In Chicago in January 1948, a strong easterly wind storm, accompanied
by sleet, snow and low temperatures, piled ice i.n a solid mass along the
entire Illinois shoreline. The ice was as much as 15 feet � m! above the
water surface and extended 50 to 100 feet �5 to 30 m! behind sea walls and
bulkheads in Chicago, and from 100 to 300 feet i'.30 to 90 m! in front of the
beaches and natural shoreline and other points.

The section of this guide dealing with pressures of thermal origin
exerted by ice sheets on structures will give additional and current in-
formation on the behavior of ice covers.
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Thicknesses of Great Lakes Ice

Striegl �952!, Aune, Beaudin, and Borrowman �957!, and others have
reported observations on natural ice thicknesses on the Great Lakes.
Because of the vide geographic extent of the lakes area, as mell as the
differences in the characteristics of individual lakes, the ice season
varies considerably. Climatic conditions obv jously are the major factors
in the amount and rapidity of ice f ormation and disintegration.

The following typical cases indicate the range in temperatures and
the differences in length of the cold season ilthich are primary factors
in connection with the formation of ice. As these figures are based on
normal daily mean temperatures published by the U.S. Weather Bureau it
is obvious that there eill be eide variations from these means depending
on the general character of the season. Please refer to Table 1.

F reezing Index+
F �  C-! Degree Days

of' Freezin

Normal Length of
Freezing Season

From To

Ave. Temp.
Total During I. reez ing
~Da a Season~Local it

142 16.73 F  -8.48 C!

140 18.76 F  -7.36 C!

2168 �204!

1854 �030!

Nov. 12 Apr. 2

Nov. 16 Apr ~

Duluth

Sault Ste.

Marie

Mi leaukee

Buffalo

Table 1

{Striegl--1952!

It eill be noted that these figures indicate 3.76 times as much of the
air temperature condition which, when in contact with undisturbed eater,
causes the formation of ice at Duluth as at. Buffalo. Naturally one mould
expect the formation of more ice at Duluth, and the northerly areas of the
Great Lakes, than in the southern areas. Other conditions such as sunshine,
winds, volume of the body of eater, etc., of course, modify the relationship
beteeen temperature and ice formation so there is no direct relationship
that. may be determined for natural condition,.

+Freezing Index is the total number of Degree Days using the freezing tem-
perature as the reference. A Degree Day is defined as the departure of
the daily mean temperature r rom the freezing temperature.

Nov. 28 Mar. 15 108 24.22 F  -4 ' 32 C!

Port Huron Dec. 1 Mar. 20 110 24.98 F {-3.90 C!

Dec. 8 Mar. 19 102 26.35 F  -3.14 C!

840   467!

772   429!

576   320!



Average L~aily
T perature

North

Latitude

Maximum Thickness

of IceLocation

lO F  -12 C!

15F  -9 C!

15 F  - 9'C!

17F  -8C!

22'F  - 6'C!

25F  -4C!

17F  -8C!

22 F  - 6 C!

26 F  - 3 C!

27 F  - 3 C!

25 F  - 4 C!

23 F  - 5 C!

17 F  - 8 C!

23 F  - 5 C!

38 in  97 cm!

27 in �9 cm!

35 in  89 cm!

36 in  91 cm!

Oulu th, Minn eso ta

I'larquette, Michigan 46

46Escanaba, I'lichigan

Green Bay, Wisconsin 44 '

Milvaukee, Wisconsin 43

42Chicago, Illinois

Mackinav City, Michigan 46

0
Saginav Bay, Michigan 43 35 in  89 cm!

42Detroit, I"lichigan

Cleveland, Ohio

Buf'f'alo, Nev York

Osvego, Nev York

Ogdensburg, Nev York

Kingston, Ontario

17 in �3 cm!

24 in �1 cm!

25 in �4 cm!

30 in �6 cm!

25 in �4 cm!

27 in �9 cm!

45

44

46Sault Ste. Marie,
Mi chi gan

10 F  -12 C!48 41 in �04 cm!Port Arthur, Ontario

Table 2

 Aune, Beaudin and Borrovman--1957!
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Aune, Beaudin, and Borrovman �957! indicate maximum thicknesses of
solid lake ice observed in locations f'rom 1899 through 1951 and average
daily temperatures f' or the month of January for a period of 20 years.
They described solid lake ice as occurring in protected harbors, bays,
and channels of lov velocity current. Ice of this type begins to form
in November and continues to increase in thickness throughout the vinter
occasionally obtaining a depth of three and one half feet  l,l meters!
vith depths of tvo feet �.6 meters! being quite ordinary in northern
localities. Solid lake ice conditions usually prevail to the later part
of March or early April at vhich time the ice begins to honeycomb and
break up. Their data is presented in Table 2.



Freshwater lakes and rivers lying between 35 F � C! and 30 F  -1 C!
January isothermals will freeze on rare occasions of extremely cold tem-
peratures  about 0 F or -18 C! which are usually of only several day' s
duration ~

Between 30 F  -1'C! and 25 F  -4 C! isothermals some ice normally less
than 4 inches �0 cm! in thickness can be expected almost every winter.
Northward of the 25 F  -4 C! isothermal ice can be expected every winter.
The thickness will vary from 6 inches �5 cm! to 12 inches �0 cm! in the
vicinity of 25 F  -4 C! isothermal to 36 inches  91 cm! near the 10 F
 -12 C! isothermal.

During January and February 1977 we made ice thickness measurements in
harbors on Lakes Superior, Michigan and Huron. This was an unusually cold
winter in the western Great Lakes area. Many thicknesses in the range of
30 to 39 inches �5 to 100 cm! were observed b tween 42 and 47 North
latitudes. At 42 North latitude on Lake Michigan, 35 inches  90 cm! was
measured. There seems little doubt but that three feet  one meter! of ice
is probable in the western Great Lakes. Also, as was previously mentioned,
the LI.S. Great Lakes Environmental Research Laboratories is measuring and
recording ice thickness in the Great Lakes.

Deformation and Stren th Behavior of Pol cr stalline Ice

Polycrystalline ice is a viscoelastic material. A comprehensive
description of a complete linear viscoelastic model representing the stress-
strain behavior is given by Nevel �976!.

For our purposes we will review deformation behavior by describing a
laboratory unconfined uniaxial compressive strength test of ice. The test
is run at a constant stress, i ~ e. a single load is placed on the sample.
As it remains on the sample, the sample will compress or deform. The amount
of deformation divided by the sample length is the strain.

The longer the load is left on the sample, the more the sample will
deform. Strain is therefore a function of time. This is termed creep
behavior.  Strain is also a function of other variables, e.g. the magni-
tude of the stress.!

The total creep occurring before the sample breaks is described by
three creep periods. These periods are termed primary, secondary, and
tert.iary.

When the load is first placed on the ice, the ice has an instantaneous
elastic response which can be thought of as an elastic compression in a
spring. If the load is too great, the sample may break before creep can
take place. Assuming however that the load i, moderate, the ice vill next
exhibit a delayed elastic response. This response can be thought of as
the travel in a dashpot, i.e. a plunger moving in a viscous fluid. To-
gether these two responses make up the creep period called primary creep.

14



At some point in time the strain vill accelerate. This increasing
straining is the tertiary creep. The sample compresse at a faster and
faster rate until it fails. At lover stresses ice may not exhibit ter-
tiary creep, but may fail during secondary creep.

10

0
0 3 x10

T II' E, 3

6x10

Figure 1
Creep Curve for Granular Ice

 Gold, 1973!

Figure 1 is a creep curve for granular ice reported by Gold �973!.
The ice vas stressed at 145 psi � HN/m2!. It."- temperature vas 14 FE3
 -10 C!. The primary creep represents about one percent strain. Second-
ary creep occurred until three and one-half days � x 10~ s! had elapsed.
The strain increased to an increasing rate and at the end of' about six
days had deformed ten percent of' its original .ength ~

725 00EIEI E

0
30 7 2

5 7 R A I hl

Figure 2
Strain Dependence on Stress

 Gold, 1973!

During secondary creep the strain increases vith time and if the ice
behaves as a linear viscoelastic material this strain increase is linear.



If now instead of' applying a constant stress to the sample ee apply a
constant rate of strain ee can obtain stress-strain curves like those in
Figure 2 by Gold �975!. Some ice engineering problems involve conditions
approaching constant strain. Sl and S2 are columnar ice and vere tested
with the load perpendicular to the long direction of' the grains. Tl is
granular ice and S4 is frazil ice. The temperature of the ice @as 15 F
 -9.4 C!. The strain rate 1.67 x 10 s, i.e. 0.0000167 per second.
 The time to reach one percent strain was ten minutes and the time to
reach three percent eas one � half hour.! For the given strain rate and
ice temperature the influence of ice's structure is clearly seen: columnar-
grained, type S-1 ice, is appreciably more brittle in its behavior than the
other three, and granular, type Tl ice, more ductile.

To adequately describe the deformation and strength behavior of ice many
things must. be considered. These include the type of ice, the temperature,
the type of load  compression, tension, etc.!, load direction with respect to
ice structure, the strain rate, and the stress level. Furthermore, to ana-
lyze ice in an engineering context it is necessary to establish failure
criteria in either ductile or brittle modes of behavior under a variety of
boundary conditions. There is much that is not. presently understood about
ice behavior.

Use of published laboratory strength test data from ice specimens  or
simulated ice specimens! must be done eith care as the values determined by
such testing may not be representative of conditions in the field. For
example, uniaxial laboratory strength tests may not represent biaxial and
triaxial conditions encountered in the field, because of influence of shear
stress in the deformation and failure behavior of ice. Also, small samples
generally do not adequately represent conditions in large, sometimes ir-
regular, cracked sheets of ice containing various impurities.

Appended to this guide is an abbreviated summary of a comprehensive
monograph entitled, "Deformation and Strength of Ice", by Lavrov �969!.
For the reader wishing to delve more into ice strength and behavior it
will be of interest. Also the previously mentioned viscoelastic ice model
by Revel �976! will be very useful.

In subsequent sections of this guide ee uphill introduce strength para-
meters and design criteria ee believe applicable to ice engineering problems
in small craft harbors.
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PART II

ICE PRESSURES OF THERHAL ORIGIN

Drouin and Hichel �974!, working in the Leval University Ice Mechanics
Laboratory have prepared a comprehensive work er titled, "Pressures of Thermal
Origin Exerted by Ice Sheets Upon Hydraulic Structures". This work, under-
taken by Drouin for a doctoral thesis, we believe is the most comprehensive
and recent treatment of thermally induced ice forces on structures.

Prior to this work, Michel �970! prepared a monograph entitled, "Ice
Pressure on Engineering Structures". With respect to thermal forces, the later
work should be used as it corrects some previous assumptions now proven
erroneous.

The material that follows in this section of the guide is largely based
on Drouin and Nichel �974!. It is recognized that it was originally pre-
pared in the context of reservoir ice forces that affect dams, and that it
is a laboratory study. Nevertheless, understanding this work and the ranges
of' thermally produced loads that can be predicted for dams, will give the
harbor designer a feel for the problem he faces. With flexible harbor
structures, the forces will be less. Also with real field ice, the forces
will be less because of faults, cracks, discontinuities, etc. Laboratory
samples test stronger than field ice.



Introduction

Thermally induced ice pressures on dams and other hydraulic structures
are significant, and may even be the controlling design load for some
structures. In the past these thermal thrusts have been calculated for the
condition of ice failing by crushing at stresses like 400 psi �756 kN/m2!.
This resulted in thermal loads now known to be too high, e.g. 50 kips per
foot �30 kN/m!. Now values of ~~ to ~> these are normally used. Flexible
structures experience even smaller loads than rigid structures, but ways to
accurately determine ice loadings on flexible structures have not been
developed. The loads mould however be expected to be less than those pre-
dicted in this section.

During the past fifty years, engineers and scientists, e.g. Royen,
Brown and Clarke, Rose, Nonfore, Lofquist, and Lindgren researched and
estimated thermally induced ice pressures. None of them took into account
the crystallographic characteristics of the types of ice and actual strain
rates that exist in nature in the regime of thermal expansion of' ice sheets.
Also the initial temperature of the ice eas not considered in some of the
previous cwork, and some research eas based on too fee tests. The composite
picture of past studies is one eith ambiguities and many deficiencies.
Therefore ve eon't review this previous work, but instead vill present the
recent work of Drouin and Yiichel �974! who have, however, comprehensively
analyzed the work of those before them.

To estimate ice pressures, ve must first consider the thermal properties
of ice, heat transfer in ice sheets, types of naturally occurring air tem-
perature rises, and the deformation characteristics of several types of ice
strained slowly. With a laboratory testing program supported by theoretical
rheological mathematical models, Drouin and Hichel �974! have developed
estimates for thermally induced ice thrusts.

Thermal Pro erties of Ice

Conductivity, specific heat, diffusivity and expansion are all
properties of ice important to estimating thermal forces. Like most pro-
perties of ice their values are still imprecise. Drouin and Hichel �974!
estimate the most probable values of thermal properties from the works of
others. Table 3 presents their estimated values.
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. 0570

�3.0!
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�.54!

26 ' 0 x 10 6
�6.8 x 10 6!

-40 '

 -40 !
. 0629

�8.4!
18.6

�.68!

Table 3 Thermal Properties
 after Drouin and Michel, 1974!

Heat. transf er through a porous medium, like bubbly ice, vill be less
because the air cells af f er greater resistance to heat transf'er than does
the solid ice. The value for thermal conductivity becomes less as the
amount of entrapped air increases.

Notvithstanding the inherent variations in the thermal properties of
ice, ve can adequately proceed, vithin the range of design accuracies, to
make engineering estimates of ice thrusts.
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In the abave table, the thermal diffusivity  equal ta the conductivity
divided by the factor density times the specif'ic heat! vas computed assuming
an ice density af 57.2 pcf'  916 kg/m ! ~ Ice cantaining air bubbles may easily
have a lover density, say as lov as 49 pcf �85 kg/m !.



Heat Transfer in Ice Sheets

The studies and solutions by Drouin and Michel �974! do not take into
account any thermal boundary layers  air-ice and air-snow! or any solar ra-
diation on the ice. However, they believe their pressures calculated on the
basis of heat transfer solely by conduction are of the proper order of mag-
nitude, and perhaps greater than the pressure calculated with the air-ice
boundary layer and absorption of' solar radiation taken into consideration.

Air-ice or air-snow boundary layers can contribute to increasing the
initial temperature of the surface of an ice sheet. Absorption of solar
radiation by the ice adds to the heat transferred by conduction. The rates
of temperature increase at various levels in t~e ice would then be higher
than those computed on the basis of conduction alone. Increasing the
initial surface temperature results in a decrease in the stresses through-
out the ice sheet. Increasing the heat transferred by convection  because
of solar radiation! results in an increase in stresses in the upper portions
of the ice sheet and in shorter times to reach maximum stress levels which
thereafter diminish rapidly. However, an increase in the average rate of
temperature increase of the surface of an ice sheet implies a decrease in
the maximum pressure. Hence their pressures are thought to be conservative,
i.e. greater than necessary for design of conditions actually present in the
field.

In the foregoing explanation it should be noted that an increase in the
rate of temperature increase in the surface of the ice sheet results in a
decrease in the maximum pressure. Drouin and Michel �974! found, contrary
to many other published theories and results, that the pressure in an ice
sheet was highest for small rates of temperature increase at the surface of
the ice. From a physical standpoint, they explain this by the deeper pene-
tration into the ice sheet of the temperature variations at the time when
the stress at the surface attains its maximum. It is in the top zone of
an ice sheet where the stressed condition related to the maximum pressure
exerted by thick ice sheets develops. Attenuation of temperature variation
in the interior of an ice sheet is very rapid.

The stress in an ice sheet is determined by the temperature distribution
in the ice sheet as a function of the variation of' air temperature. Drouin
and Michel �974! use a sinusoidal air temperature variation, rather than a
linear variation or step function. The use of sinusoidal variation produces
larger stresses and fits well with natural temperature variations  in Canada!.

The sinusoidal variation used is one where the temperature increases at
an increasing rate until it has achieved one half of its total rise. This
occurs when one half of the time to achieve its total rise has passed. The
temperature continues to rise but at a decreasing rate until the total tem-
perature rise has occurred for the period.

Other factors that affect the temperature variation in an ice sheet
include the presence of snow on the ice sheet, the thickness of the ice
sheet, increase of thickness in the ice sheet as a function of time, solar
radiation absorbed, and variable thermal properties of ice.  ,These vary
primarily with temperature.!
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Analytic methods are available to describe temperature distribution in
a mass as a function of the variation in temperature of an ambient medium.
To solve the equations developed by these analyses requires simplifying
assumptions. For example, Drouin and Nichel �974! had to assume that the
thickness of the ice remained constant during the period of ambient tem-
perature increase. This would not be the case for thin ice but would be
reasonable for sheets thicker than 16 inches �0 cm!.

Climatolo ical Data

In order to compute the pressures from thermal ice expansion we need
to know the total temperature rise and the time required to obtain that
rise. Also we should know if the temperature rise is linear or varies
somehow, such as sinusoidally ~ Drouin and Nichel �974! present climato-
logical data for Quebec City from 1944 to 1967, inclusive. Quebec City
is at 46 48'N latitude and 71 23'M longitude. Climatological data from
Quebec City will not be applicable at most other sites, but by presenting
them here we will be able to subsequently demonstrate a design methodology.
The designer of a small craf't harbor at another location would of course
investigate climatological conditions there.

Table 4 presents a statistical analysis of data for 23 winters at
Quebec City. For that city it was calculated that 90 percent of the air
temperature increases had durations of less than 20 hours. About two-
thirds of the time the duration was less than 10 hours. The most frequent
temperature spread was 17 F  9.5 C! with a duration of 7 hours, which is
an average rate of air temperature increase of 2.4 F/hr �.3 C/hr!.
Sinusoidal variation in temperature rise was generally present.

Duration of Tem erature Increase  hrs!Period of

Recurrence
20

12. 5

25

100

Table 4 Rates of Increase, F/hr   C/hr!, for
Linear Air Temperature Increases as a Function of

the Period of' Recurrence and Duration of the Increase
 Quebec, December 1, 1944--Narch 31, 1967!

 after Drouin and Nichel, 1974!

4.4 �.4!

4.7 �.6!

5.2 �.9 !

5.6 �.1!

3.1 �.7!

3.3 �.8!

3.5 �.9!

3.7 �.1!

1.6 �.9!

1.7 �.9!

1.8 �.0!

1.9 �.1!



Rheolo ical As ects

Lihen an ice specimen, mechanically fixed at its ends, is heated it vill
try to expand. Hoeever, since the ends are fixed a thermal stress vill be
produced. The strain from this thermal stres: offsets that due to the tem-
perature rise. Thus, even though the specimen undergoes no apparent change
in length, it is subjected to mechanical stra in equal to the thermal defor-
mation that would have resulted if it had been unrestrained. Naintaining a
constant length and measuring the forces  stresses! that occur at different
temperatures is one cay of carrying out laboratory tests on ice.

Ice in nature responds to thermal change: in a ductile manner. The
strain rates are quite small and hence ice exhibits ductile behavior ~
The small strain rates accompanying thermal behavior can be shovn with
the following calculation.

Assume a temperature rise of 5 F/hr �.8 C/hr! and a coefficient of
thermal expansion of 28 x 10-.6 F-1 �0.4 x 10 C 1!

Strain Rate = Coefficient of Expansion x Rate of Temperature Rise

�8 x 10 6 F 1! � F/hr!
3600 s/hr!

3.89 x 10-8 s-1

The thermal strain is also quite small.

CC C! n C
Assume a rise in temperature from -30 F  -34 C! to 32 F � C! at the

above rate. The strain rate is 3.89 x 10 s 1 for a
coefficient of' thermal expansion of 28 x 10 F
�0.4 x 10-6 C-1!

�2 F! �600 s/hr! �.89 x 10-8 s 1!
5Fhr

Strain

= 0.00174

0. 174lo

The total strain is less than one quarter of one percent. However, if'
for this strain the ice vere unrestrained, it would expand nearly 10 feet
� m! in a mile �. 6 km!
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The laboratory procedure used by Drouin and Hichel �974! used a some-
what different approach, one that avoids errors caused by the metal parts
of the testing machine expanding. The tests vere performed, at different
temperatures, on ice specimens at constant strain rates. The tests deter-
mined by means of the experimental curves obtained, the stresses and thrusts
induced by the effects of temperature variation.



To deform laboratory specimens by a factor of one percent at constant
rates of 10 , 10 , and 10 per second, test durations of 28, 280, and
2800 hours are necessary. These long periods explain Uhy fev tests in
the range of strain rates that accompany thermal expansion in the field are
cited in the literature. At very lov strain rates even small temperature
variations in the ambient medium impair the validity of a test. Also, the
deformation of a measuring element of a load cell, is not negligible in
comparison with the actual deformation of the specimen. The laboratory
testing program undertaken by Drouin and Michel �974! overcame many
difficulties of this nature.

Laborator Test Results Ice Thrusts

Two types of ice vere tested, Sl columnar ice loaded perpendicular to
the c-axis  and parallel to the basal plane! and Tl snowpack ice. Samples
vere generally columns 1 inch �.54 cm! in diam ter and 3 inches �.62 cm!
long. As they cere compressed, at strain rates ranging between 10-7, and
10 8 per second and at different temperatures ranging beteeen freezing and
about -20 F  -29 C!, the deformations and loads vere measured.

In the snowpack ice the maximum loads occurred after the stress had
increased at a constant rate for some time. Th stress, after having
attained its maximum, usually remained constant or nearly so. The average
deformation to reach maximum stress vas 0. 15 percent.

In the columnar ice the stress increased at a constant rate for a long
time. Following that, the rate of increase of stress gradually diminished
until it @as nil. The maximum stress eas reached chen the specimen had
been deformed between 0.08 and 0.20 percent. Tie stress, after reaching
its maximum value, fell very rapidly and then stabilized at a near constant.
value.

At the lou strain rates the sample behavior is plastic, i.e. the sample
doesn't break or shatter, but yields as time proceeds.

The maximum thrusts for columnar and snovpack ice are given in Table
They have been computed from the laboratory test data and a sinusoidal

varied ambient temperature rise from an initial linear steady temperature
state in the ice  i.e ~ the initial ice temperature profile varies linearly
from the ambient temperature at the surface to the melting point at the
eater-ice interface!. 4lith time the ice @arms up and thereby exerts thermal
stresses. These stresses reach maximums and the stress in the ice at
various depths can be summed up to obtain the maximum ice thrust per unit
length for a given ice thickness, total temperature rise, and duration of
temperature rise.

Ice thrusts for ice thinner than indicated in the table vill be less
than the tabulated values. Also, the analysis of stresses indicates that
the stresses in an ice sheet are particularly high in the first 8 to 12
inches �0 to 30 cm! of the thickness of a thermally stressed ice sheet ~
The bottom region of a thick ice sheet may consist of a different type of
ice eithout appreciably altering the stressed conditions, the heat transfer
being the same.



Ice Surface Tem erature F   C! and
Classification of Ice:

Sl = Columnar Ice and Tl = Snowpack Ice
Ice Thickness and

14 F  -10 C!
Sl Tl

� 22 F  -30 C!
Sl T1

-4 F  -20 C!
Sl Tl

20 in �0 cm!

t= 5hrs

t = 10hrs

t = 20 hrs

30 in �5 cm!

8 20 14

�17! �92!  ,204!

ll 24 18

�60! �50! �63!

15 30 20

�19! �38! �92!

11

�60!
t= 5hrs

15

�19!
t= 10hrs

t =2Uhrs 20

 , 292!

40 in �00 cm!

t= 5hrs

t= 10hrs

t= 20hrs 20 16

�92! �33!

Table 5 Pressures of Thermal Origin by an
Ice Sheet Rest. rained in One Direction

kips/f t  kN/m!

 after Drouin and Michel, 1974!
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5 4

�3! �8!

6 5

 88! �3!

9 7

�31! �02!

5 4

�3! �8!

7 5

�02! �3!

9 8

�31! �17!

5 4

�3! �8!

7 5

�02! �3!

9 8

�31! �17!

11 8

�60! �17!

14 11

�04! �60!

18 13

�63! �90!

11 8

�60! �17!

15 12

�19! �75!

19 13

�77! �90!

23 16

�36! �33!

27 18

�94! �63!

20 15

�92! �19!

25 19

�65! �77!

32 22

�67! l,321!



Use of the table is illustrated by the following example. Given a 30
inch �5 cm! ice sheet with a surface temperature of -4 F  -20 C! . The
thrust exerted by a rise in temperature to 32 F � C! over a period of 10
hours  i.e. at a rate of 3.6 F /hr or 2.0 C /hr! wou1d be ll to 15 kips per
foot �60 to 219 kN/m! depending on whether the ice was granular or columnar
 loaded perpendicular to the c-axis!.

Except for complete biaxial restraint, most factors encountered in
nature tend to decrease calculated ice thrusts. Among the factors which
reduce stresses of thermal origin are the insulating qualities of a snow
cover on the ice and cracks in the surface of the ice.

Biaxial Restraint

Determining rheological behavior of ice deformed in two directions is
a subject of current research. Drouin and Michel �974! performed some
biaxial tests on snowpack ice and concluded that snowpack ice deforms in
the manner of an almost perfectly plastic material when the maximum biaxial
stress of thermal origin is obtained. This maximum biaxial stress is about
twice the maximum stress previously obtained in the uniaxial tests. Also
they concluded that maximum stresses f' or Sl and S2 columnar ice having
pressures of thermal origin and biaxially restrained can be adequately
estimated by using the uniaxial test results for Sl ice.

They give no ice thrusts for the biaxial condition as such, but suggest
using uniaxial thrusts for a dam and reservoir with the following example.
Assume an ice sheet is totally restrained in a direction perpendicular to a dam
crest. Stresses of great magnitude develop in the first 8 inches �0 cm! of
the ice thickness. Under natural conditions, the crystallographic orienta-
tion of the grains of columnar ice in the top layer of an ice sheet can be
considered random. In such case, the stresses developed are considerably
lower than if all the columns have, for instance, a vertical crystallographic
orientation. Experimentally the biaxial restraint of' Sl or S2 columnar ice
having some grains randomly oriented gives substantially the same maximum
stress values as are obtained from Sl ice specimens restrained in only a
single direction  deformed perpendicular to the c-axis!. Also a reservoir
with rocky vertical walls around the entire perimeter would be unusual. It
would correspond to an ice sheet in a swimming pool  or a small-craft harbor
completely surrounded by vertical sheet piling walls!.

Within the present state of knowledge, Drouin and Michel �974! recom-
mend using thrusts in reservoirs on laboratory testing of ice under uniaxial
loading.
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Effects of Cracks and Snoe on Ice Thrusts

Snow covered ice or cracked ice or both significantly reduce the thrust
of an ice sheet.

The effect of cracks  either from thermal contractions or water level
changes! is to mitigate the effect of a temperature rise or spread.

Assume a coefficient of thermal expansion of 28 x 10 6 F 1
�0.4 x 10 6 C 1! and a total summation of
crack widths of 0.02 inches per yard �.56 mm/m!

Strawn  'o!  Coef. of Expansion!  Temp. Rise! �00!

�8 x 10 6 F 1! �00!  Temp. Bise F!
�6 in/yd!

20 F �1 C ! � Equivalent Temperature SpreadTemp. Rise

In this example, the first 20 F �1 C ! of a temperature rise would be
taken up by the cracks. The remainder of the rise would produce thermal
thrusts.

Table 6 gives temperature spreads for cracked ice.
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Hetge �976! has reported on a five year study and field observation on
thermal cracks at Kingston, Ontario. The frequency of cracking tends to de-
crease as an ice cover becomes thicker. ke categorizes thermal cracks into
three groups. The first are dry cracks which absorb a significant amount of
thermal ice movement. They are common and consist of cracks that extend from
the top of the sheet dovn one-half to two � thirds of the ice thickness. These
dry cracks open and close according to the ice temperature. The second and
third groups are respectively, vet cracks which are relatively rare, and vide
met cracks which are just too vide to easily refreeze into sound ice. Wet
cracks are narrow enough to refreeze rapidly and in so doing add material to
the ice sheet. Since eet cracks are not prevalent, ve are mainly concerned
vith the beneficial effects of the dry therma> cracks. The folloUing example
illustrates their effect on thermal thrusts.



Total Deformation

or Strain of

the Ice

Summation of Crack Widths

per Unit of Length of an
Ice Sheet

Equi valent
Temperature

~ini d

0.009

mm/m
0'iQ

9

18 10

36 20

54 30

72 40

0.0250.25

0.050.018 0.5

1.0 0. 1.00.036

0.151.50. 054

0. 202.00.072

Table 6 Summation of Crack Widths Per Unit of
Length of an Ice Sheet Expressed as Percent Thermal

Deformation of the Ice and Equivalent Temperature Spreads
 Coef. of Expansion = 28 x 10 F 1 or 50.4 x 10-6 C 1!

 after Drouin and Hichel, 1974!

Snow, a complex material which undergoes a continuous process of meta-
morphosis, can be converted to an equivalent thermal thickness of ice by
proportioning through the coefficients of thermal conductivity for snow and
for ice. However, the thermal conductivity of snow varies with density  as
well as other things!. Hellor �964! gives snow conductivities as a function
of density. Drouin and Hichel �974! report the average density of' snow 20
to 40 inches �0 to 100 cm! thick on the ground to be 25 to 28 pcf �00 to
450 kg/m3!. Snow at this density vill barely shov a man's foot print. For
snow layers of small thicknesses the density is much less--lower than 12 pcf
�00 kg/m3!.

Table 7 gives equivalent. ice thicknesses f' or snow densities.
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Snow accumulated on an ice sheet has a drastic effect on the temperature
variations in the ice, and as a result the pressures of thermal origin are
much less. A uniform fresh snov cover can drown an ice sheet causing no
thrust until the ice reforms on the top. This can occur when a snow fall
roughly equal to the ice thickness occurs.



Ratio of Thermal

Equivalent Thicknesses of Ice to the
Actual Thicknesses of Snow

Snow Density
3

24.0

17.1

13.2

10.6

8.7

7.2

6.1

To illustrate the use of the above table, assume we have 6 inches
�5 cm! of snow weighing 21.8 pcf �50 kg/m3! on top of a two foot �.6 m!
thick ice sheet. The ratio of equivalent thickness of ice to actual thick-
ness of snow is 7.2; theref'ore, thermally the snow simulates an additional
layer of 43.2 �10 cm! thick. The fictitious sheet is now 67 inches �70 cm!
thick. The temperature variety.ons to be taken into account in calculating
the stresses of' thermal origin are those which prevail 45 inches �10 cm!
below the surface ot the fictitious sheet. At this depth into an ice sheet
the attentuation of temperature is complete and thus the pressure of thermal
origin is very small or nil.
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6. 2 �00!

9.4 �50!

12 ' 5 �00!

15.6 �50!

lb.7 �00!

21.8 �50!

25.0 �00!

20.1 �50!

Table 7 Ratios of Thermally Equivalent
Thickness of Ice to Actual Thicknesses of Snow

 Drouin and Michel, 1974!



Ice Thrust on Individual Piers

Petrunichev �954!, cited by Korzhavin �971!, considers static hori-
zontal pressure of ice on individual piers. The question is raised as to
whether one should determine the pressure from an ice field by the width
equalling halt the sum of the adjacent spans or be limited to considering
only the pier width.

The deformation of the part of the ice field lying between the piers
would not occur separately. It exerts a partial ef'feet on the amount of
pressure on a pier. It would be increased. Petrunichev �954! suggests
that the total force on a pier should be equal to the thrust  force per
unit length! times the sum of the width of the pier and one-third the half
sum of the spans contiguous with the pier.

The suggestion for somehow increasing forces for 'bridging' action
would be applicable for small craft harbors. d'or example, consider the
case of a marina pier constructed with horizontal elements spanned across
intermittent cribs. The total lateral force would exceed that computed
from ice contact with the crib alone. In part, the ice would 'bridge' over
and produce a larger horizontal forceps

Closure

In this section we have reviewed the thermal ice pressures proposed by
Drouin and Nichel �974! and presented some estimates of thrusts. F lexible
marina structures and conditions existing in nature should result in forces
smaller than those given.

The forces were computed f' or assumed temperature rises equal to the
difference in the cold ice sheet surface temperatures and the melting point.
Temperature rise is a function of the site's climatology. The highest
pressure occurs for the smaller rates of temperature rise. Also the atten-
uation of temperature rise occurs very rapidly and it is the top zone of the
ice sheet that experiences the thermal stresse:.  query, can one mitigate
these stresses in this area somehow. If the ice were weakened or broken, or
if made thin or warmer, or if separated from the structure with a pliable
material, the force on the structure would be reduced.!

Strain rates in the regime of thermal expansion ot ice sheets are very
low  less than 10-7 s-Ij and the ice behaves in a ductile manner. Also
forces produced from uniaxial testing can adequately represent some level of
biaxial conditions that might be present at a particular site.

Each site where thermal pressures will exist should be separately
stuoied. The climatology, characteristics of the ice sheet, bank configura-
tion, and type of structure are all important.
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PART III

ICE SUPPRESSION AND WEAllENING

Ashton �974! has prepared a monograph on air bubbler systems to sup-
press ice. Analytical methods were used to develop a procedure for predict-
inq the effectiveness of using bubbler systems to suppress ice formation
under various field conditions. We believe air bubblinq is an effective
method to suppress ice. The material contained in this section is based
largely on the procedures suggested by Ashton but simplified somewhat to
fit our concern, namely, melting ice in a small-craft harbor  rather than
in a lake shipping channel or a deep-eater port.!. The resulting suppression
predictions agree well with our field observations and experiences of air
bubbler manufacturers.

Those wishing to examine air bubbler systems in more detail than what
i presented here can refer to the original Ashton �974! monograph, Ashton
�975! and Ashton �977! . The 197! work is a laboratory experimental report
on heat transfer coefficients associated with flow induced by a line source
bubbler system. The 1977 work is a refinement of the monograph and a numer-
ical simulation for a system. US CRREL has developed a computer program in
BASIC language that simulates analyses of diffcser lines, plumes and heat
transfer, ice melting, and thermal reserve.",. The simulation agrees satis-
factorily with one example case for a winter in Duluth, Minnesota.

We will begin with a description of how a compressed air bubbler de-
icing system works. This will be followed with a review of the suggested
design method and practical considerations to achieve a successful instal-
lation. Also included are a few notes on other way' to suppress or weaken
ice.



Princi les of Bubbler S stem 0 eration

Figure 3 is a cross sectional view along the axis of an air diffuser
pipe on a lake bottom. It is also representative of the action of a pointsource diffuser. COMPRES SC R

ICE

F:LSER GR
FFVSER LINE

Figure 3
Bubbler System Schematic

 after Ashton, 1974!

Air is compressed by a compressor either located indoors or suitably
protected and mounted on a marina pier. In an overall ice suppression
system, several compressors may be used and interconnected through a dis-
charge manifold piping system ~ Air travels through the discharge line to
the diffuser or diffuser line on the lake bottom. The air has been varmed
during compression but normally is cooled doIEtn to the ambient lake temper-
ature by the time it reaches the diffuser. Here the air is discharged
through an orifice. It must have enough pressure at the diffuser to over-
come the depth of eater hydrostatic pressure.

The discharging air is cooled as it expands going through the orifice.
If it expands too quickly an icing condition =an occur at the orifice. With
proper air pressures this does not happen. The momentum of the air jet sets
the bubbles in motion. 'The momentum quickly dissipates and bubble buoyancy
takes over. As the bubbles rise they entrain eater into the rising plume
from the lateral direction. Nany bubble sizes are present, but the tinier
ones are more efficient as they move more eater for the same volume of air.
In fact, this principle explains why large air bubbles, like those produced
by belcher devices, aren't as effective as a continuous stream of tiny
bubbles. The ice melting that occurs on the underside of the sheet is the
result of both temperature and volume of eater being moved upwards from the
varmer bottom eater by the bubble plume.



At some point near the surface the buoyant plume spreads as it either
impinges on the ice cover or encounters open vater. If a free water sur-
face is present, the bubbles vill escape directly to the atmosphere. This
results in a certain amount of heat being wasted. If a cover exists the
bubbles vill mave laterally along the underside of the ice. As they do,
melting primarily by convection occurs. This heat loss results in cooling
af the flaw whose velocity has also decreased as it spread out. Rapid
decay in the heat transf'er rate is the result.

F'inally, the plume imposes a net circulation on the eater and this
allovs more warm eater to be drawn into the area from distant lateral

directions. A bubbler system would not work in a swimming pool for ex-
ample, because the amount of warm eater is limited by the pool's valume
and eventually it would all be cooled down. The pool would freeze to
the bottom. Design af bubblers in sea vater is complicated because salinity
may vary with depth and theoretically the maximum density occurs at the freez-
ing point.  There may be no "warm" dense bottom water.! Also rivers with
currents tend to be isothermal and even super-caoled, and hence do not have
enough heat. What heat there may be is already impinging on the river cover.

In a fresh eater or brackish water marina, however, a bubbler system
can work if lateral varm eater recharge is present and it is designed and
maintained properly.

Ice Su ression Bubbler S stems Desi n

The folloving design procedure is a trial-and � error procedure based
upon Ashton �974!. For a given site and condi'-.iona the quantity of air
required Qa is estimated for a tolerated ice equilibrium thickness ne.
This thickness is a steady state thickness of an ice cover that vill
persist vith a continual floe of heat to the cover's lover surface and
a cooler atmasphere forming ice. At the equilibrium thickness, the ice
is melting as fast as it forms.

The design of an ice suppression system requires the selection af this
thickness. Ta reduce it to zero or near zero requires disproportionate
amounts of heat, i.e. the air floes required become large. The ice itself
is an insulator and a free water surface is heat vasteful.  However, the
designer may wish to choose to obtain free vater in order to better monitor
the bubbler's operation throughout the winter.! !n selecting a thickness
to be tolerated, factors like the following must be considered: first cost
and operating costs, resistance available to ice uplif't through embedment
of piles being protected, magnitude of lateral forces from thicknesses of
ice, availability of manpower to chop ice during severe cold periods, tem-
perature extremes existing at the site, and the amount of damage to be
tolerated.

The quantity of air required Qa is estimated from experience and local
conditions. Table 8 gives heat transfer coeff ancients as a function of
water depth H and air floe rates Qa.  Qa is in terms of volume per time
per length of' diffuser which reduces to area per time.! The depth of eater



used is from the underside of the ice  nominal.ly the top surface for sup-
pressed ice! to the diffuser level  on the bottom generally!.

Air Flow Rate, Cl» ft2 min 1  m2 s 1!

H, ft  m! .06

 9.29!
.03

�.64!
.02

�.10!
.01

�.55!~

6 �.8!

8 �.4!

10 �.0!

12 �.7!

14 �.3!

16 �.9!

«l'lultiply values by ].0

Table 8 HFAT TRANSFER COEFFICIENTS, hb
Btu hr-1 f t-2 F I  W m-2 C-1

 after Ashton, 1974!

The heat transfer rate qw is obtained from

qw = hb  Tw Tm!

where T� is the water temperature

and Tm is the melting point temperature of ice

The wat.er temperature can be measured at a given site or conservative
estimates made for its value. We have made water temperature measurements
in many western Oreat Lakes small craft harbors and found them to be iso-
thermal and only slightly abave the freezing temperature  ~2 F, 0.3 C, or
cooler!. Others have also reported very cold water. It is reasonable to
assume that the water temperature is canstant throughout its depth because
being shallow and agitated by rising bubbles are conditions tending to
destroy any thermal stratificatian.
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f igure 4 gives the equilibrium thicknesses n for the calculated heat
transfer rate qw as functions of the ambient air temperatures Ta. It has
been assumed that no snow cover is present and that the average wind speed
is IQ mph �.5 m s l!. If snow is present the equilibrium thicknesses be-
come smaller for a given q�. Conversely, if windier conditions prevail the
equilibrium thicknesses increase.

The average daily temperature during the period of the winter under
consideration can, for most sites, be used for T . Ice once f'ormed grows
rather slowly during cold spells. During the day, warmer temperatures
counteract cooler evening temperatures.
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The use of Table 8 and Figure 4 is illustrated by the folloving
example.

Assume Qa � 0.06 ft min 1  9.29 x 10 m s ! of air

H = 10 ft � m! vat.er depth

0 0
Tv = 32.5 f �.3 C! eater temperature

0  't
Ta = -10 F  -23 C! ambient air temperature

From Table 8 at ga = 0.06 and H = 10 find the heat transfer coefficient

b

hb = 178 Btu hr 1 f t-2 F-1
�011 W m 2 C-1!

Find qv, the heat transfer rate from

hb  Tv � Tm!

178 Btu hr-1 ft. 2 F 1 �2.5 F � 32.0 F!

89 Btu hr 1 ft 2 �81 W m !
a

From Figure 4 at Ta � -10 F and qv = 89 find

4 inches �0 cm!n

Should the ambient temperature  approximately the average daily tem-
perature! fall belov -10 F  -23"C! say to -30 F  -34 C! for a fev days,
then the ice equilibrium thickness vould increa;e to 7 inches �8 cm!.
Whether 7 inches �8 cm! of ice vould be tolerable vould depend on the
site and vhat is being protected.

Nov assume instead of ga = 0.06 ft min 1  9.29 x 10 5 m2 s ! ve use
one-half as much air. From Table 8 at ga = 0.03 ft min �.64 x 10
m2 s 1! hb = 159 Btu hr-I ft-2 F-1  903 W m-2 C 1!. For ~z F �.3 C!,
qv = 80 Btu hr 1 ft-2 �52 W m 2!. From Figure 4, at an air temperature
of -10 F  -23 C! ve find ne � 5 inches �3 cm! and at -30 F  -34 C!, ne =
9 inches �3 cm!. Changing the quantity of air does not have a linear effect
on the ice thickness. If hovever, the eater temperature is cooler  or varmer!
than estimated, large changes in ne occur.

Assume the eater temperature is 32~4 F �.1 C! instead of 32>z F �.3 C!.
For ga = 0.06 f t2 min-1  9. 29 x 10-5 m2 s 1! hb = 178 Btu hr- f t F-I
�011 W m2 C-1!. The required heat transfer rate is  ~~! �78!
45 Btu hr f t �42 W m-2! . Corresponding equilibrium thicknesses at
-10 F  -23 C! and -30 F  -34 C! vould be 11 inches �8 cm! and more than
15 inches �8 cm!. These ice conditions vould probably be intolerable.



The above analysis is for a line source diffuser system. A solution
to a point source diffuser is not presently available. It. is estimated
that a series of point sources  such as would exist in a bubbler system
layout protecting individual piles spaced throughout a marina! would ap-
proximate the line source condition. This of course would be a function
of' how far apart the point sources become. But in general, adding up the
air discharges at each point source and dividing by the distribution
diffuser length would be a reasonable approximation for Qa in a typical
small craf t harbor.

We can estimate the time required to melt out an ice cover if one is
already in place. For thicker ice there is little tendency for it to
thicken. The simplest analysis occurs when we assume there is no conduc-
tion through the cover and that it is melted by the warm water impinging
on its lower surface.

For these conditions the melting rate can be calculated as follows:

Melting Bate =
p;7

where qw is the heat transfer rate in Btu hr-I ft 2  W m 2!

p is the mass density of ice and equal to 57.2
lbs ft-3  916 kg m !

is the heat. fusion of ice and equal to 143.7
Btu lb I �.34 x 105 3 kg I!

Find qw to melt one inch �.5 cm! in a day.

 q Btu hr I ft-2! �2 in ft I! �4 hr da-I!
I in da

�7.2 lbs ft 3! �4" 7 Btu lb I!

qw = 28.5 Btu hr I ft 2  89.8 W m 2!

Therefore with 100 Btu hr-I ft �15 W m-2! ue can melt 3', inches
 9 cm! of ice per day.

We can also make an estimate of the exhaustion of the thermal reserve

in a closed body of water. The following computations show the absolute
necessity of having a warm water recharge at -ny small craft harbor using
air diffusers to suppress the ice.

We can compute the volume of warm water recessary to melt a given
volume of ice as follows. Assume we have ice at the freezing point and
warm water at 33 F �.55 C!. On a cubic foot �,0283 m3! ba:;is then:



Ratio of Volumes = Heat Re uired to Helt Ice

Heat Content of Water

pw cp  T, � T,!

where p < and '- are defined above

pw is the mass density of water and equal to
62.4 lbs ft 3 �000 kg m 3!

cp is the specific heat capacity of water and
equal to 1.0 Btu lb 1 F 1 �187 J kg 1 C 1!

 Tw � Tm! is the difference in the temperature
of the water and the melting point of ice

�7.2 lbs ft 3! �43.7 Btu lb 1!

�2.4 lbs ft 3! �.0 Btu lb-1 F 1! � F!

132

It takes 132 cubic feet �.74 m ! of water at 33 F �.55 C! to melt
1 cubic foot  ,0.0203 m3! of ice at the freezing point.

Assume we have an air diffuser system installed in a closed body of
water that is at a temperature of 33 F �.55 C!. Also assume a depth of
water of 10 feet � m!, diffuser lines spaced 30 feet  9 m! on centers,
and that we want to use the diffuser lines to melt ice in a band 3 feet
� m! wide.

�0 ft! �0 ft!  I f t!Suppressed Thickness  ]32! � ft! � ft!

0.76 ft or 9 in �3 cm!

Under these closed conditions the thermal reserve would be exhausted
in a few days. If an ice cover grows rapidly a large amount of heat can
be sealed in. However it would still not be enough to operate a suppres-
sion system throughout a winter. There must be a source of' warm water.
Also operating these systems in shallow water, say six f'eet � m! or less,
is not recommended because of lack of enough warm water to melt an ice
cover.

The detailed design and layout of an ice suppression bubbler system
is outside the scope of this ice engineering guide. A few comments on the
design of systems that are presently installed and are working are in order
however.



Having determined the required amount of air  a function of water depth,
water temperature, water body thermal reserve', atmospheric conditions, and
thickness of ice to be tolerated! an air manifold distribution system together
with branch diffuser lines would be designed in accordance with standard air
flow design procedures. It is important that manifold and diffuser lines are
large enough to reduce pressure losses and to make sure the air supply is not
exhausted before the last diffuser is reached. Balancing air flows and
pressures is quite important for a successful compression system.

The total air pressure required will be a function of the line and orfice
losses and the hydrostatic head to be overcome at the diffuser. Where the
harbor bottom is sloping, it is best to distr.ibute the air in an uphill dir-
ection from the deep end; otherwise if the air is first emitted in shallow
water, the deeper diffusers may be starved.

Qo= sQ = Cd Tl d ![2L, p/p

discharge from a single orifice

spacing of orifice

air discharge per unit length

where Qo

Q

orifice loss coefficient  from fluid mechanics
texts, etc.!

orifice diameter

Qp pressure dif f erence across orifice

pa = mass density of air

Usually an air bubbler system is a low pressure, high volume design.
This suggests the use of rotary blowers instead of piston compressors used
previously. A disadvantage of a piston compressor is the presence of finely
atomized oil in the air diffuser lines which has passed by the pistons. This
causes clogging of the lines and orifices. Noise is a disadvantage of the
rotary compressor system.

Standby power or other alternative procedures should be available at a
marina in the event that power is lost during a storm or for other reasons.

4a

Spacing of orifices would normally be between 1/2 and 1/3 the water depth
along a line diffuser. Pre-slit vinyl weighted bubbler hoses are available
from component manufacturers ~ Fixed opening or'ifices are usually a nominal
3/64 inch � mm! size. The orifice diameter  or head differential! can be
determined from a standard discharge equation given below.



A mell designed air bubbler ice suppression system will rapidly prove
inadequate if little attention is paid to its pre-season cleaning and
balancing. It is essential to begin an icing season with clean, balanced
and operable system components.

Other Wa s to Su ress or Weaken Ice

At this time it appears that compressed air ice suppression systems
are best for the small craft harbor. A few other methods are given below
and they may have some applicability.

Velocity or propeller systems drive a propeller that churns warm water
to the surface. A lot of water is moved with only a few percent of the
volume contributing to melting ice where suppression is desired. f'1ethods
to analyze melting ice with these systems have not been published. The
velocity system's chief applicability appears to be in keeping limited
areas open, e. g. around a boat 1ef t in the ice.

US CRREL personnel have observed a field experiment where 57 F �4 C!
warm water was emitted from a diffuser 19 feet � m! below the ice surface.
The warm water rose until it cooled to 39 F � C!; at which time it descend-
ed as it was denser than the surrounding water. It did not reach the surface
to melt the cover. Warm water diffusers might work with shallow water, high-
er pressures for momentum and insulated manifold and diffuser lines.

Insulating ice is very effective in reducing its thickness and retarding
its growth. A few trials have been made in river ice. They effectively
reduced s normal cover of 12 inches �0 cm! to zero. Problems involved are
installing, maintaining and removing the insulation material,

Snow is a good insulator and snow thrown by a snow-blower is reworked
and tends to set up. In this form, a snow cover might provide satisfactory
insulation during severe periods of a winter.

Dark substances will absorb heat and cause melting. However coal dust-
ing and other techniques are one-time temporary measures. Such procedures
as well as chemical applications for melting are not acceptable today.

Electrical resistance heating is more expensive than other suppression
methods but is feasible and perhaps applicable. Frazil ice, which is quite
sticky can be electrically melted from intake structures. Lake ice could
also be melted with electrical heat. As the area of contact between the

structure to be protected and the ice diminishes, the more favorable resis-
tance heating becomes.  query, could pilings whose diameters were made
small at the ice line, an area not usually requiring a large pile section
modulus, be incorporated in a dock system design with electric heating to
suppress the ice. !

Finally, ice can be weakened and cracked by impacting, chopping, wave
generation schemes and other mechanical means. These do not appear feasible
for a small craft harbor however.
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PART IV

BEARING CAPACITY OF II E

This section of the guide contains information on the capacity of ice
to support loads, especially construction loads resulting from using ice
as a work platform for building small craft harbors. Winter construction
has proven very successful in the Great Lakes. The ice easily hand]es men
and small equipment with few accidents. Heavier loads have been moved and
supported by ice also, including driving piling with light pile drivers
and excavation dredging with regular construction cranes and draglines.
Predicting safe allowable loads necessarily must be conservative. Ice
strength must be assumed to be weaker than strengths which will be assign-
ed in the next section for estimating the force.; and uplif ts due to ice.

This section begins with a discussion of ice parameters and bearing
capacity theory ~ A figure is presented for maximum safe loads. The sec-
tion concludes with some comments on thickening and strengthening ice.



flexural Ri idit Len th

Revel �976! introduced a term, flexural rigidity length, for a char-
acteristic feature of all ice plate problems. The term in fact has been
called characteristic length, or sometimes action radius. To derive the
term, let us first consider the differential equation for a beam.

EI =q
4

dx4

where w = deflection

x = distance

q = load

The term EI is a measure of how stiff the beam is. If now the beam
rests on water the deflection increases the water pressure which reduces
the load.

= q � kw

where k = weight density of water

d4w
EI � ~ 'kw

dx4

EIThe term � on a unit width basis has the dimensions of' the length to the
k

EI
fourth power, so the fourth root of � is a length, i. e.

Ei FL L~

where F and L represent force and length units

EI  E!  I/12!  h3! EhD
k k 12k

where h is the plate thickness
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EI d'
dx4

EI d48

dx4

E = modulus of elasticity

I = moment of inertia



Now for a plate instead of a beam the term � � v2! is introduced
through strain compatibility relationships, where v is Poisson's Ratio.
The flexural rigidity length 1 for a plate is defined as follows:

Eh3 1~
1 =

12 � � v2!

Hotiulus af E~lasticit, E
kips/in2
 MN/m2!

Ice Thickness, h
inches

 cm!

1250

 8613!
1500

�0335!
750

�168!
1000

�890!�445!

13.6

  4.1!
14. 2

  4,3!
12.8

  3.9!
10 ' 8

  3.3!
11.9

  3.6!
6

�5!

23.9

�.3!
21. 6

  6.6!
18.1

  5.5!
22.8

  6.9!
20.1

  6.1!
12

�0!

30.9

  9 ' 4!
32.3

  9.8!
29. 2

  8.9!
27.2

  8.3!
24.6

  7.5!
18

�6!

58.3

�1.7!
40.1

�2.2!
36. 3

�1.1!
30. 5

  9.3!
33.8

�0.3!
24

�1!

42 ' 9

�3.1!
45. 3

�3.8!
47. 5

�4.5!
39. 9

�2.2!
36.1

�1.0!�6!

52.0

�5.8!
54.4

�6.6!
41.3

�2.6!
45.7

�3.9!
49.2

�5.0!
36

 91!

58. 4

�7.8!
61.1

�8.6!
52.4

�6.0!
55. 2

�6.8!
46 ' 4

�4.1!
42

�07!

TABLE 9 FLEXURAL RIGIDITY  CHARACTERISTIC!
LENGTHS, 1, Feet  m!

 Poisson's Ratio = 1/3!
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The value of 1 is rather insensitive to E and v, and sensitive to h,
the plate thickness. This means that we need not know E and v precisely,
but do need to know the ice thickness to make good engineering estimates.
The flexural rigidity lengths for various E's and h's for a Poisson's Ratio
of 1/3 are listed in Table 9. The values will be used in solving bearing
capacity and other plate problems.



Bearin Ca acit of Ice Sheets

Kerr �976! has presented a critical survey of the literature on bear-
ing capacity of floating ice plates subject.ed to static or quasi-static
loads. The work contains discussions of general questions, analytical
solutions, and fielo and laboratory results.

When using an ice sheet for supporting loads one question of obvious
interest is what is the maximum load or the "breakthrough" load. Also the
time at which this breakthrough occurs is of interest. Simple proven methods
have not been developed to tell us the breakthrough load and when it vill
occur. It is a viscoelastic problem.

Field and laboratory observations indicate that indeed an ice sheet
continues to carry a load after the first crack occurs. To solve analyti-
cally any plate problem requires limiting the problem, choosing an ideal-
ized model and formulating the proper equations from mechanics  statics
and dynamics!. Having formulated the problem, exact or approximate
solutions are sought that agree with field and laboratory observations.
However, if we limit the plate problem, for ease of analysis and conser-
vatism, to an uncracked plate we then have a different problem after the
first crack appears. f'lore complex and different problem formulations are
then necessary. We will hovever use the "first crack" analysis to deter-
mine our safe loads for construction on the ice.

If ve place a uniform load on a circular area and increase the load,
the ice will crack. There will be one or more radial cracks that extend
out from the load. If ve continue to add load a circumferential crack
vill form somewhat concentrically around the load but at a distance out
from the load at the ends of the radial cracks. This forms wedges vhich
usually number from four to eight or more. When this circumferential
crack forms breakthrough can be expected shortly thereafter. On thick
ice, even more load may be added due to side interaction between the
wedges. However this possible support cannot be counted upon. In fact,
it, is reasonable to assume that when radial cracking begins the ice is
sustaining a load that is no longer a safe load ~

Nevel �976! has formulated a mathematical creep model for ice vhich
includes primary, secondary and tertiary creep. His equations show that at
the load, the deflection increases with time vhile the stresses decrease,
or relax. This means that the maximum tensile stress  which is usually the
critical stress in an ice plate bearing problem! occurs at the moment the
plate is loaded. A usual failure criterion i to limit, the maximum tensile
stress. Using this criterion means the sheet should fail at once or not at
all as the stresses relax with increasing deflection. This however is con-
trary to observations on ice sheets under sustained loads. A possible
explanation is that the tensile strength is somehow affected by the creep
process'

Frankenstein �966! describes the result:; of a number of large scale
breakthrough field tests, for both concentrated loads and distributed
loads placed on an Arctic lake cover. In the distributed load tests a



15-ft �.6-m! diameter aluminum tank, with a height adjustable to 20 ft
�.1 m!, was placed directly on the ice surface. Lake water was pumped
into the tank at a more or less constant rate to load the ice. The con-

centrated load tests were conducted in the same manner as the distributed

tests except that the tank was placed on a platform balanced on a 24 inch
�1 cm! diameter wooden block,

For distributed load tests the first circumferential crack did not

produce breakthrough. Additional cracking of the wedges occurred parallel
to the first circumferential but closer to the load. Some side wedge
interaction probably occurred before final breakthrough on the closer
circumferential cracks, numbering one or two in addition to the first
crack connecting the far ends of the radia]s.

The crack phenomenon for the concentrated tests differed greatly from
that of the distributed tests. The distributed tests always yielded a
circumferential crack but in some of the concentrated tests, no circumfer-
ential cracks were visible either during loading or after failure. The
failure hole diameter for the concentrated tests was very close to the
diameter of the bearing block.

Tables 10 and ll present some of Frankenstein's load test data.
Temperatures taken in the ice ranged between 30 F and 1! F  -1 C and -9 C!.
The load contact. pressures were computed on a nominal 15-ft �.6-m! tank
diameter and a 2-ft �.6-m! block diameter. Tho punching shears for the
concentrated load tests data were computed using the nominal block diameter,
the ice thickness, and the collapse load.
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Pressure

per Ice
Thickness

lbs/sf/in
 kN/mz/cm!

Load

Contact

Pressure

lbs/sf
 k N/m2 !

Time

of

F ailure

minutes

Ylaximum

Loads

pounds
 kN!

Ice

Thickness

inches

 cm!

136

�.5!
604

�16!
23955

 lo7!
1.06

�.3z!
11. 76 ~ 3

�6.a!

162

{7.8!
424

�92!
zessa

�27!
0.77

 o.z3!
12.28.2

�0.8!

410

�83!
209

�0.0!
36980

�64!
0.87

 o.z7!
14. 69.5

�4.1!

251

 lz.a!
271

�87!
1.56

�.48!
44330

�97!
50. 512.8

�z.s!

314

 zl6!

273

�5.1!

441

 zl. 1!

0.98

 o.30!
21.648303

�»!
12.4

�1.5!

320

 zzl!
1.26

 o.38!
30.977945

{347!
15.6

�9.6!

Ratio of

Max� Load

Maximum and Square of
Deflection Ice Thickness

feet lbs/inz
 m!   N/cm2!

Table 10
Distributed Load Test Data

 Frankenstein 1966!

22

�.41!

20

 o.38!

22

 o.41!

20

�.38!

22

 a. 41!

28

�.S3!



Ratio of

Hax. Load

and Square of
Ice Thickness

lbs/in 2
 N/cm2!

Load

Contact

Pressure

lbs/sf
 kN/m2!

Ice

Thickness

inches

 cm!

Haximum

Load

pounds
 kN!

Time
of'

F ailur e

minutes

Haximum

Deflection

feet

 m!

Punching
shear

lbs/in2
 kN/m2!

11.4

�9.0!
9.1 0.76

�.23!
238

�64!
9,860
�72!

36

�48!

11.0

�7.9!
8 ' 6 0 ' 45

�.14!
243

�65!
9,220
�41!

35

�41!

13.5

�4.3!
9.7 0.65

�.20!
191

�32!
34

�34!

15.4

�9 ' 1!
216

�49!
16.8 0,71

�.22!
44

�03!

17.8

�5.2!
194

�34!
21. 2 0.76

�.23!
46

�17!

Table ll
Concentrated Load Test Data

 Frankenstein 1966!

Frankenstein's distributed load tests indicate a fairly narrow range
of collapse load contact. pressures per unit thickness of ice, i.e. 20 to
28 lbs/sf/in thickness �.38 to 0.53 kN/m2/cm thickness!. The concentrated
load tests also give a narrow range for punching shear, i.e. 34 to 46 lbs/
sq in �36 to 317 kN/m !. The ratios of collapse loads to the squares of
the ice thicknesses varied in the range of 320 to 604 lbs/in �21 to 416
N/cm ! for distributed loads and 191 to 240 lbs/in2 �32 to 165 N/cm2! for
concentrated loads.

In the next section ee vill consider safe loadings for ice sheets that
could be developed during vintertime construction of' a small craft harbor.
Quick intense loads causing breakthrough and long term viscoelastic load-
ings are not dealt with here.  Refer to Kerr, 3976 and Nevel, 1976.!

30,968
�38!

28,970
�29!

34,810
�55!

51,339
�28!

61,603
�74!

11,080
�31!

16,340
�82!

19,610
 939!



Safe Loads on Ice Sheets

Nevel �977! has developed a pocket calculator program to predict safe
loads based upon an elastic first crack analysis. His analysis and the pro-
gram are included in Appendix III. Circular and rectangular loads or com-
binations of loads can be handled.

For our purposes ee have solved his general equations for the simple
case of one concentrated load. The computed maximum "safe load" can be
used for estimating single construction loads on ice sheets; provided the
ice is sound and free of discontinuities. The load cannot be placed near
free edges of the sheet or in the vicinity of walls or shores where cracks
behave as a free edge condition ~ To be out of the direct influence of these
edge conditions the load should be away a distance equal to two or more
flexura] rigidity lengths. The expression for the maximum safe load P vith
Poisson's Ratio assumed to be 1/3 is:

@here G is the allowable stress

h is the ice thickness

a is the radius of the load distribution

1 is the flexural rigidity length

kei' is the first. derivative of the Kelvin function kei

The expression for the maximum deflection v which vill occur directly
under the load is

 P! Qa/1!ker'  a/1!~ 1 ~
 a/1
 k 1

Uhere ker' is the first derivative of the Kelvin function ker

k is the veight density of eater

Kelvin functions and their derivatives are tabulated in mathematical
handbooks. They are difficult to work with For small values of argument
 a/1! due to the sensitivity of the functions' values with changes in  a/1!.
Included in Appendix IV are tables of Kelvin functions and derivatives from
Nevel �959! for arguments ranging betveen 0.000 and 0.500. Also the ap-
pended pocket calculator program has a Kelvin function subroutine that can
be used for these or other arguments.
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For small values of  a/1! the following approximation for the maximum
deflection e is useful.

P

Q
Gkl~

Figure 5 is a plot of the maximum safe load for ice upwith a flexural
strength W of 100 psi �89 kN/m2! and a modulus of elasticity E of 750
ksi �168 HN/m~!. The maximum safe load is linearly proportional to the
flexural strength. For this type of ice loading problem, design flexural
strengths mould range betveen 50 and 100 psi �~>5 and 689 kN/m~! for fair
to good ice. Loadings beyond this stress level are not recommended for
usual construction procedures. Of course care .is necessary in placing
loads on any thin ice or placing very large loads regardless of the ice
thickness or the analysis. Figure 5 simply gives recommended maximum
values that should not be exceeded and that should be used eith caution.
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To illustrate the use of Figure 5 and the equations let us assume we
want to place a 20 kip  89 kN! load on a 5 ft. by 8 ft �.5 m by 2.4 m! area.
We have 15 inches �8 cm} of sound ice. Through area ratios we will convert
the rectangular area to an equivalent circular area.

From Figure 5 at 15 inches �8 cm! and 3.6 feet �.1 m! we find the
maximum safe load to be 23 kips �02 kN! which is greater than the speci-
fied 20 kips  89 kN!.

If we have weaker ice, because of warm temperatures or previous damage
from construction we would want to reduce the load. The flexural strength
may be only 50 psi �45 kN/m ! and for this case the safe load would be
halved. In this example we should also consider the contact pressure and
the deflection.

contact pressure � 5 ft 8 ft 500 psf �3.9 kN/m !20 000 lbs 2
5 ft x 8 ft

This pressure is high for this relatively small loading area and it
would be well to use a larger area f' or the 20 kip  89 kN! load. But assum-
ing the given loading condition we can compute the deflection of the ice
sheet from the formula

 P ! Ii a/1 !ker '  a/1 !+ 1 3
 a/1! k 1 Tl

where a/1 = 3.6/27.0 = 0.1333
� interpolated from Table 9!

k = 62.4 lbs/f't3 �00Q kg/m !

w = �0 000 lbs! L�.1333!  -7.4501! + 13
�.133
 �2.4 lbs ft 3! �7 02 ft2! M

.054 ft or 0.65 in �.6 cm!

or w- p �0,000 lbs! � 0.55 ft �.7 cm! approx.
8k12  8! �2.4 lbs ft3! �7 02 ft2!

Qne criterion for allowable deflection is that the deflection be less
than 0.08 times the ice thickness, i.e. the ice sheet will not be submerged.
For our 15 inch �8 cm! sheet the allowable deflection criterion is equal to
1.2 inches � cm!.



If the freeboard of the ice is exceeded water can flood the surface
through cracks and other openings. This warms the ice and weakens it and
also adds further loads. Loadings on ice less than 1B inches �6 cm! in
thickness should be checked f' or possible submergence. Ice thicker than
this will not submerge under the recommended maximum loads.

Figure 5 should be of assistance in estimating construction loads
on small craft harbor ice covers. Special precautions are necessary how-
ever if moving loads across frozen bodies of water is planned. Hovinq
loads create dynamic effects in the ice cover and water. Unfortunately
the natural critical velocity is easily achieved on many lakes. At this
velocity, the deflections and stresses are amplified. It is necessary to
qo at a slow speed or very fast. The technical literature should be re-
viewed by those planninq moving loads across frozen lakes.

Thickenin and Stren theni

In using ice for bearing capacity, actual thicknesses should be
measured. Dates when a natural ice sheet will be thick enough to support
a specified load are of interest and can be estimated from past observa-
tions and rules of thumb. One rule is that. the thickness is directly
proportional to the square root of the Freezing Index  previously defined
in Part I! . Usinq ~ as a proportionality factor we can write the follow-
ing rule of thumb expression:

h = ~ fFI

where h is ice thickness in inches

FI is Freezinq Index, Fahrenheit

u' is a locality factor ranging between 0.5 for snow
covered lakes and 1.0 for lakes without snow.

Assume we have had 45 days of weather where it has generally been
below freezing. The Freezing Index would be calculated by summing alge-
braically the plus and minus departures of the daily mean temperatures
from the freezinq temperature. The Freezing Index in our example will be
assumed to be 750 Fahrenheit degree-days and our locality factor equal to 0.8.

h = 0.2 j750

22 j.nches �6 cm!

The locality factor oc can be historically established by several
years' measurements of ambient temperatures and ice thicknesses. It can
be used for estimating when sufficient thicknesses of ice miqht naturally
become available. Ice can also be intentionally thickened and strengthened
to aid nature.
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Hoffman �967! describes surface flooding techniques for improving
natural ice areas. These techniques have been developed by the U.S. Naval
Civil Engineering Laboratory. Amonq their recommendations are the following
items.

The maximum mean daily temperature at vhich ice flooding can be perform-
ed satisfactorily is considered to be about +15 F  -9 C!. At temperatures
much above this point, freezing rates are sloiv and long periods are required
between applications.

The depth of eater applied to any point should not be greater than that
which eiLL freeze through in 24 hours. At temperatures from 0 F to -10 F
 -LH C to -23 C! with little mind, this is about. 4 inches �0 cm! of eater.

A cooling period equal to the freezing period should be allowed before
an ice area is ref looded. Such cooling is necessary for restoration of ice
temperature and recovery of ice strength and resistance to creep.

Additional eater should not be applied until all areas of the previous
flood have frozen solid. The premature ref looding of an unfrozen area is
very undesirable since the freezing time increases exponentially with depth.

Air bubbles ehich form in the flooded ice surface should be broken

before reflooding.

Duff �958! describes in general terms the thinking of logging operators
on the strenqthening of ice sheets. Ice land l.ngs are constructed and main-
tained by flooding on top of' existing ice and rolling any snow that falls.

Where snov is lying on an ice sheet it is, if at all possible, compact-
ed by rolling before flooding. Slush always seems to form after a snowfall.
The weight of the snow cover depresses the ice sheet and free eater comes up
through cracks or the insulating blanket of' snow allours a current, probably
a thermal in lakes, to weaken the ice sheet f rom below. Rolling immediately
af'ter a snowfall, or during a storm if it is a severe one, improves frost
penetration and lessens the slush problem.

Rose and Silversides �958! describe the merits of' surface flooding for
increasing the speed at which ice thickens. Starting with a layer of ice 12
inches �0 cm! thick and -20'F  -29 C! eeather, if 5 inches �3 cm! of eater
are added on the surface it viLL take approxinately 15 hours for it to
freeze and qive a total thickness of 17 inches �3 cm! of ice. If the ice
surface is bared and ice is to be formed on the under-surface of the 12 inch
�0 cm! ice sheet, it vill take 60 hours to add an additional 5 inches
�3 cm!. This is 4 times as lonq.

Ohstrom and DenjIartog �976! have reported on a series of cantilever
beam tests designed to determine the efficacy of adding reinforcement to
an ice cover. Tests vere run using 1 inch ��5 cm! diameter tree branches,
3/16 inch � mm! diameter eire rope and 9/16 inch �4 mm! half-round eood
doeels as reinforcement. A definite advantage eas noted from using re-
inforcement, even chen poorly placed. The reinforced ice carries a load



even after it cracks. Thus, after the initial cracks there is time to re-
move people and equipment before final breakthrough. Disadvantages to the
reinforcement are that the darker types absorb radiation and thereby cause
weakening of the ice cover. Also, in many cases, the time and effort re-
quired to place reinforcement may exceed those required to achieve equal
strength by additional thickening of the ice sheet.

The reinforcing process consists of laying reinforcement material on
the ice, then flooding the area and allowing the reinforcement to freeze
into the ice. For optimum strength, the reinforcement should be added to
the side of the ice that carries the tensile forces. Initial cracking of
the ice sheet is caused by tensile stresses near the bottom surface of the
ice, but final breakthrough is caused by tensile stresses near the top
surface.



PART V

VERTICAL ICE FORCES AND OTHER FORCES

One of the most significant and damaging ice forces results from
changes in water levels. These changes cause the ice sheet to move up
and down tearing and pulling structures built in small craft harbors.

In Part IV we considered the capacity of an ice sheet to support
construction loads. Necessarily we used a conservative value for the
strength of the ice. In estimating the uplift forces from ice we will
assume stronger ice as it will probably exist sometime during the
winter. Computing uplift loads is complicated because we do not know
which of several failure criteria best represents the uplift force. We
have selected a "first crack" analysis to predict the minimum uplift for
which we should design. The maximum uplift. force for design still re-
mains a matter of engineering judgment and site circumstances.

This part begins with a discussion of lake level changes. Ranges
of uplift loads are then presented together with some ways to attenuate
these loads. The section concludes with some comments on buckling of
ice sheets and other loads.



Water Level Fluctuations

Water levels, and hence ice levels, in the Great Lakes vary seasonally.
The small craft harbor designer must anticipate and estimate these seasonal
variations @hen planning fixed harbor structures, such as docks and piers,
launching ramps and bulkheads. To a lesser extent, eater level variations
affect floating structures. They are of concern, hovever, e.g. in connec-
tion with anchorage and gangvays.

To illustrate the importance of vater leve]s on design, consider a
fixed height dock specified to be a desired freeboard above normal summer
eater levels. Should levels prove otherwise, due to larger natural varia-
tions or inaccurate estimates, such a dock can end up well above the eater
or too close to the vater. It becomes barely usable by the intended boats.
Also, during mind storms over eatery severe vater level changes can occur.
At Buffalo, New York the lake has risen to as much as 8 feet �.4 m! above
the normal eater level.

Problems can result eith printer ice levels also. Individual pilings
supporting a fixed dock may be protected  deiced! eith a compressed air
bubbler system. Normally the number of pilings could be kept to a minimum
to reduce the amount of air required. By doing this, dock members tend to
have greater depths because of their longer spans. Should the ice become
higher than estimated, the lover elements of the dock members  which are
not deiced! may come in contact eith the ice sheet or be shoved by broken
ice pieces that are frequently found on top of an ice cover.

Local experience can aid the designer in estimating eater and ice
levels. If severe eater level changes can be anticipated, a floating or
adjustable height design mould be called for. The following publications
mill also help the designer.

Honthl Bulletin of Lake Levels for the Great Lakes, Department
of the Army, Detroit District, Corps of Engineers, P. 0. Box 1027,
Detroit, Michigan 48231.  Bulletin lists maximum, minimum, and
expected levels ~ !

H dro ra h of Monthl Mean Levels of the Great Lakes, U. S.
Department of Commerce, NOAA, National Ocean Survey, C3314,
600l Executive Boulevard, Rockvilie, Maryland 20852.  Lists
monthly mean lake levels from 1860 to date.!

In addition to seasonal lake level variations, there is an unusual
eater level phenomenon known as a seiche  pronounced sash!. It is a
standing eave oscillation of an enclosed or semi-enclosed uater body that
continues, pendulum fashion, after the cessation of the originating force.
It is a short-term rise and fall. of the eater level and is caused by either
persistent, strong winds piling up the eater at one end of a basin, or
changes in barometric pressure over the lake, and sometimes a combination
of both. Although seiches are unnoticeable on small lakes, they are quite
noticeable on the Great Lakes and in bays and harbors. The period of a
seiche is a fee minutes in a bay or harbor and about ten hours for a Great
Lake.
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Hodek and Doud �975! measured an almost constant fluctuation of the
winter water level in the Ontonaqon, Hichigan harbor. The amplitude
had an observed maximum of 0.8 f'eet �.24 m!. The major period varied
from 5 minutes to more than 10 hours. Higher frequency water oscillations
also were observed and a change in the water level of 3 inches  8 cm! in 10
minutes was observed.

Seiches are easily observed in a marina in the summertime by noting a
drop in the water surface with respect to some fixed object like a sloping
launchinq ramp or a piling. In fact, severe seiches have been observed
where the water level fluctuated three feet � m! and more in a few hours.

As a result of seiche action, an ice plate in a harbor moves up and
down exerting large forces on structures penetrating the ice sheet. In
the next section we will estimate the minimum level of these forces.

Hinimum Ice Sheet U lift Loads

In a manner similar to that used in computing safe loads on ice sheets,
we can estimate minimum uplift loads to be expected. The analysis is an
elastic one and is compatible with the rapidity with which water levels change
under seiche action. The analysis is also a thin plate analysis which is
not strictly correct for ice sheets thicker than the embedded pile diameter.
For this case the stresses computed are too high in the vicinity of the
load. However this is acceptable because it is conservative.

We will assume a round pile frozen into  rather than setting upon! an
ice plate and determine the force when the plate first cracks. This will
be the minimum force we can expect when a pile or structure is frozen into
the ice.

The differential equation formulating this problem has been solved.
We have evaluated the solution for the following boundary conditions. At
a distance from the center of the concentrated load equal to the radius
of the load  distance a!, the slope of the deflected ice plate is zero;
and at distance a the total. load is carried by the stress on the failure
surface which is the thickness of the ice plate times 2;a. The crack
that forms at failure is a circumferential crack located a distance a out

from the center of the load. This crack is consistent with what is seen

in the field when an ice sheet pulls upward on a strong we11-embedded
piling and eventually cracks. The distance a is not the radius of the
piling, but is larger. This is due to the failure occurring by crackinq
in the ice rather than slippage at the ice-pile interface, and because
immediately adjacent to the pile the ice is thicker than the rest of the
sheet.  An ice collar forms in this area. ! This thickening phenomenon
results from heat transfer through metal pilinq  and to some extent
through wood piling! increasing the ice thickness in this area. Also as
the winter qoes on and the crack has formed and refrozen many times, the
piling experiences a kind of dipping action in the cold water,  somewhat
like dipping a candle wick in wax to form a candle!.
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The equation for the minimum ice sheet uplift load, based upon this
first circumferential crack is as follows:

�/3! ~ <-h2  a/1!

i
kei  a 1! kei' a 1! + ker  a/1! ker'  a/1! g

kei'  a/1! kei'  a/1! + kee'  a/1! ke~r'  a 1!J

@here  Y is the allowable stress

h is the ice thickness

a is the radius of' the load distribution

1 is the flexural rigidity length

kei and ker are Kelvin functions

kei' and ker' are first derivatives

Figure 6 is a plot of' the minimum ice sheet uplift load for ice with
a flexural strength < of 200 psi �378 kN/m ! and a modulus of elasticity
E of 750 ksi �168 l1N/m2!. The minimum uplift load is linearly proportioned
to the flexural strength, ehich could be greater than the assumed value of'
200 psi �378 kN/m2!. Also, as me vill shovel later, making different assump-
tions for the failure criterion @ill result in larger loads.
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To illustrate the use of Figure 6, let u: compute the minimum uplift
far a 12 inch �0 cm! round steel pile in 24 inches �1 cm! of ice. As
stated abave the radius a will be greater than one half pile diameter. For
the usual steel pile shapes, the radius of the ice collar will be abaut six
inches �5 cm! greater than the pile radius. I,'For wood, a value of about
half this much has been observed.! From Figure 6 at h = 24 inches �1 cm!
and a = 1 foot �.3 m!, we find the minimum up'I.ift load is 33 kips �47 kN!.
This estimated load is the 1east that we should design for with a 12 inch
�0 cm! pile in 24 inches �1 cm! of sound cold ice   0 assumed = 200 psi,
1378 kN/m2!. Ide do not know precisely what the maximum load could be, but
it. could be several times as much. The ice does not fail on the ice-pile
interface, but fails in the strength of the ice sheet itself.

The uplift on a square construction could be reasonably appraximated
by an inscribed circle of radius a equal to ~ of the length of the side.
This would be conservative since the angles of a square would tend to cause
stress-concentrations in the ice.

Nevel �972! has formulated a mare severe failure criterion for the
ice pile uplift problem. It is a criterion which gives a near, if not the
maximum, upper bound to the prablem. It is assumed that radial cracks
form and then a circumferential crack forms connecting the ends of the
radials. This cracking pattern forms a series of truncated wedges whase
tips are supporting the load and whose bases are failure planes when the
circumferential crack develops. If we neglect any side interaction between
the wedges, and assume that six wedges have formed the Nevel �972! solu-
tion f' or the maximum load becomes:

P = 1.1540 hZ I1.05 ~ Z.00  a/1! + 0.50 la/1! ]
L

where the bracketed term is an approximatian to an exact solution.

For our example we can compute the maximum load P as follows:

a = 1.0 feet �0 cm!

1 = 33.8 ft �0.3 m! at E = 750 ksi C,5168 kN/m !

a/1 = .0296

1.109

P = �.154! �00 lbs in-2! �42 in2!  ] 109!

P = 147,400 1bs or 147 kips �54 kN!



This truncated wedges load estimate is 4~ times the estimate based upon
the first crack analysis. for smaller values of a the loads are 6 times as
great and for larger values of a, 3 times as great.

The proper values to use for design are matters of engineering judgment
and experience. The values should lie within the ranges presented and an
uplift of not less than the minimums indicated on figure 6 should be used
for design with appropriate safety factors. If for example a minimum load
is estimated to be 25 kips  ill kN!, then the ultimate resistance of the
soil foundation system preventing uplift, or the dead weight of the struc-
ture, should be greater than 25 kips �11 kN! by perhaps a factor of 2 or

In selecting a design criteria for a particular small craft harbor,
other factors will enter in; such as whether some damage will be tolerable,
the ease with which pullout resistance can be developed, or the location of
the pile and its relationships with other piles or dock members.

Ice can also exert down-drag loads when the water level drops and
leaves the ice hanging on the dock piles. The ice can easily span across
between piles and develop the full dead weight of the ice sheet. Large
drops in levels have occurred and it is believed that the ice sheet is
capable of losing all its buoyancy. The down load situation is aggravated
by a tendency to have thicker ice under shady dock areas than in the more
exposed aisle or fairway areas.

There is limited field data on forces on i ull size piles but several
direct observations have been made. Hodek and Doud �975! and Hodek �976!
have measured vertical loads of 18 kips  80 kN! compression and Ll~ kips
�1 kN! tension or uplift on a 15 inch �8 cm! instrumented sleeve placed
around a dock pile. The thickness of the ice was about 16 inches �1 cm!.
The loads were those actually felt by force transducers on the instrumented
pile sleeve.

NuscheLL �976! jacked against an ice cover to pull frozen-in piles.
Loads up to 25 kips �11 kN! were recorded. The loading rate was 0.5 psi
per second �.4 kN/m2/s!. Ice adhesion to steel was computed by dividing
the pullout load by the actual ice thickness and area of ice contact to
steel on HP 8 x 36 and HP 10 x 42 piles. The ~ce adhesion values ranged
between 12 and 24 psi  83 and 165 kN/m2!.

In January 1977, Huschell  unpublished! recorded a value of 68 psi
�69 kN/m2! for ice adhesion to an 8-inch �0-cm! pipe pile in a comparable
field test.

The lifting force per unit of length of c> rcumference of' a structure
frozen into an ice sheet becomes less as the size of the structure

increases. The lifting force per unit of length will approach the values
for long straight walls. Lofquist �951! and Hichel �970! have estimated
the vertical forces exerted by ice rigidly attached to walls. The estimates
are based upon an elastic analysis and rapid rises in water levels.
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6 1

where p is the lifting force per unit length

is the rise in water level

Assume we have 24 inches �1 cm! of ice with a strength of 200 psi
�378 khl/m ! and a modulus E = 750 ksi �168 MN/m2!. The uplift force per
unit length and the water level rise are computed as follows:

  lI2! �00 lb in ! �42 in2!
P �! �3.8 ft!

= 803 lbs/ft �1.7 kN/m!

 803 lbs f t 1!

  +2! �2. 4 lbs f t 3! {33.8 f t!

~ 27 ft or 3+ inches  8~ cm!

Assuming a different strength value for the ice will change the uplift
load in a linear manner. However the loads computed at C equal 200 psi
�378 kN/m2! are believed to be adequate since the method of' analysis is
conservative. There normally is cracking parallel to a wall or long crib
structure and this reduces the uplift from that assumed for rigid attachment.
Rails and long cribs seem to experience little damage due to ice uplift.
Qccasionally, however, the top of a crib will be pulled off because it is
inadequately secured to the rest of the crib.

The next section presents some suggestions for reducing and eliminating
uplif t forces.



Reducin Ice Sheet U lift Eoads

In Part III ve discussed eays to suppress ice and reduce its thickness.
This is the most positive vay at this time to reduce ice uplift on small
craft harbor structures. A number of other techniques have been tried and
are being tested noU. The. projections are optimistic that reliable and
economical mays vill be developed to reduce ice uplift forces.

Ice adheres tenaciously to most construction materials. There is no
comprehensive treatise on ice adhesion; only technical and research papers.

Representative adhesion values for ice to various materials and coat-
ings determined by Freiberger and Eacks �961! are presented in Table 12-
The results are based on experiments for artificial ice loaded at the rate
of' 5 psi/s �4 kN/m2/s!, and depend strongly on the rate.

Ice Adhe Values

k N/m2

f"ietals

bioods

Plastics

Glass

Paints

Resin Films

Table 12 Ice Adhesion

 after Freiberger and Eacks, 1961!

Jellinek �957! performed shear experiments with snow-ice sandwiched
between two stainless steel plates. The results of his work on smail
samples indicated the adhesive strength to be i.ndependent of thickness of
the ice layer and cross-sectional area. He found the adhesive strength to
be a linear function of the temperature until Lt becomes larger than the

C
cohesive strength of ice at about 9 F  -13 C!, chere a very sharp transi-
tion from adhesive to cohesive breaks takes place. Representative values
are as follows: 28' F  -2 C! � 30.4 psi �09 kN/m2! 7 F  -14 C!--236 psi
�626 kN/m2!, and -4 F  -20 C!--233 psi �605 kN/m~!.

Hichel �970! has observed that. there is very little available data on
strength of adhesion of ice to structures and, there is a lot of scatter in
the experimental results because of insufficient control of the uniformity
of the structure of the ice and other relevant factors. I'"michel notes that
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in most cases the strength of adhesion of' ice to construction materials is
as high as the shear strength of the river or lake ice itself, which is
usually taken to be from BO to 150 psi �51 to 1034 kN/m2!.

And as previously stated, Huschell �976 and unpublished! found values
ranging up to 66 psi �69 kk/m2!.

For our purpose we can say that slippage between ice and the piling
material will probably not naturally occur at I.oads less than the calculated
minimums. Therefore in order to reduce uplift. effects we must cause the ice
to slip at loads less than these minimums.

Field and laboratory experiments have shown that wrapping a pile with
various smooth materials doesn't work very well because the materials become
unattached after a number of cycles of' uplift. Haterials that have been
tried include tetrafluorethylene polymer wrap  teflon-like! and thin poly-
ethylene sheets. Bath materials were tom loose and worked their way up and
out of the ice. A three ply wrap with polyethylene sheets was unsuccessful
too. The three ply system was tested to see whether the outer layers of
polyethylene, which would be assumed stuck to the ice and to the pile, would
slide on the inner sheet sandwiched between the two. All layers worked their
way out of the ice.

Laboratory studies and field tests are in progress now �977! to evalu-
ate protective jackets and coatings that could be installed or applied on
existing pile or specified for new piles. US CRRFL is undertaking this
work and reports on their results are expected in 1970. One system of
jacketing uses existing fiberglass products and methods for repairing dam-
aged underwater piling. Preliminary laboratory test results show about a
4 fold reduction in the maximum force recorded on a test pile frozen into
an ice sheet and displaced up and down in a simulated cyclic seiche action.
Work is also underway to evaluate navigation lock wall epoxy and co-polymer
coating systems described by Frankenstein et al �976! . Large reductions
in adhesion values have been demonstrated but work on coating life and
methods of application are needed.

lce uplif t loads can be reduced by causir g the ice to crack so that
large loads are not transmitted to structures. Group action is frequently
effective in accomplishing this cracking. For example, several piles lash-
ed together to act as a single dolphin, are ef fective in resisting uplif t.
A series of piles spaced 5 feet �.5 m! on centers under a pier supporting
a boat hoist machine have resisted uplift because of the group action.
Also a T-head pier with pairs of pilings spaced about 25 feet  8 m! on
centers has been found to act as a unit. A crack forms following the out-
line of the pier and completely encircling it. This crack demonstrates the
group action of the entire piling system.

The piles toward the center of a marina and the piles at the ends of
finger piers are more prone to pulling than those closer to shore. This is
apparently due to the plate action and boundary conditions on the plate
subjected to hydrostatic uplift. The ice sheet may also be frozen fast to
the shoreline. This phenomenon suggests designing the outer piles for large



uplift forces and thereby cause the ice to fail about them. If this happens
the piles clo er in should feel little if any uplift force,

Another system that has been successfully used to eliminate uplift
forces on marina pilings is the sleeved pile system  U.S. Patent No.
3,543,523!. It allows vertical motion of a pile. It consists of a round
hollow steel pile driven  with a follower! so that the top of' the pile is
2 feet  O.6 m! below the bottom surface of the ice. A slightly larger
diameter hollow round steel pile piece  the sleeve! fits over the top of
the driven pile. The driven pile has a cap plate, and welded inside the
sleeve about 4 ft �.2 m! from its lower end is a round bearing plate.
When the sleeve is dropped over the pile, the round plate bears on the
cap plate. Gn top of the sleeve is another cap plate for bearing of dock
beams. As ice freezes to the s1.eeve, the sleeve moves up and down over
the lower, stationary pile  analogous to a stationary piston in a moving
cylinder!. The sleeve works well, allowing vertical motion. However
horizontal ice forces may still be acting on the piles. Also dockage
systems using sleeved piles are more complicated and costly to build be-
cause differential vertical motions must be provided for in the dock
members and supported utilities that may be on the docks.

Other Ice Forces and Actions

In Part II we reviewed thermally induced thrusts, and in thi' part
have considered uplift. Ice exerts other forces. For example, ice is
very abrasi ve and causes damage to structures, particularly wood struc-
tures whose life in ice may be only twenty years, Striegl �952!. Clad-
ding wood structures is necessary to achieve longer service lives.
Unprotected concrete is subject to abrasion and freeze-thaw spalling.

Sheltered small craft harbors can experience damage from chunks of
ice being driven into the harbor and against the docks during Spring
breakup, and during periods when ice goes out of a harbor during Winter storms.

In addition to thermally induced horizontal forces, wind and currents
can produce dynamic forces. Specific design recommendations are not now
available but in general, marina dockage should be located in protected
areas away from dynamic ice forces. However, 'hose wishing information on
dynamic effects should refer to the Neill �976! comprehensive review and
assessment of dynamic ice forces on piers and piles. Analytical approaches,
design formulas, and full-scale and small-scale laboratory investigations
are considered.

Ice under horizontal loadings may buckle before it crushes. Sodhi and
Hamza  l977!, using the finite element method, have performed a buckling
analysis of a semi-infinite plate on an elastic foundation. The analysis
determines the effective pressure which will cause the plate to buckle. If
the crushing strength of ice is greater than this effective pressure, the
plate will buckle; if less, a crushing failure will occur before buckling.
bevel  unpublished! has developed a useful expression based upon the Sodhi
and Hamza �977! finite element analysis.
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3 ' 32P = k 1 b/1+10 0

chere P is the buckling load

b is the structure width

1 is the flexural rigidity length

k is the weight density of eater

To illustrate, let us assume ee have 6 inches �5 cm! of ice pushing against
a vali 100 feet �0 m! long. The flexural rigidly length 1, assuming E
equal 750 ksi �168 MN/m2!, is 11.9 feet �.6 m!. The ratio b/1 is
100 feet/11.9 feet or 8.40.

P �2 4 lbs f !   1 1 9 f t ! 8 40 1 0 0 25  

= 996,000 lbs or 996 kips �430 kN!

We next compute the effective pressure as fol1ovs:

pEffective Pressure =� b h

996 000 lbs

�00 ft! �.5 ft! �44 x

138 lbs in-2  951 kN/m

If the crushing strength of ice is greater than this pressure, buckling
will occur. The maximum crushing strength may be on the order of 300 psi
�067 kN/m !. In general, for small structures the ice crushes before buck-
ling, except in the presence of thick ice chere crushing always takes place.

There is little or no experimental data, expecially from full scale
structures, to assist in the design of piles for horizontal focus. The
American Association of State Higheay and Transportation Officials  AASHTO!
recommends that highway bridges be designed vith the following provisions:

All piers and other portions of st,ructures ehich are
subject to the force of flowing eater, floating ice,
or drift shall be designed to resist the maximum
stresses induced thereby.

The pressure of ice on piers shall be calculated at
400 psi �756 kN/m !. The thickness of ice and
height at which it applies shall be determined by
investigation at the site of the structure.



The shortcoming of the AASHTO provision for 400 psi �756 kN/m2! ice
pressure is that it is representative of an impact loading f' or strong ice
failing in compression. The effects of pile shape and orientation, e.g.
sloping piles where ice would fail in bending, are not considered. The
maximum measured effective ice pressure on a bridge pier to date has been
less than 200 psi �378 kN/m2!.

In a marina where Spring ice movements occur the effective ice pressure
is probably less than 200 psi �378 kN/m2!. Spring ice in a moving field
has very low internal strength.

There is a tendency of ice to squeeze objects placed in it. How this
happens is not understood and no methods of analyses are known. When a pon-
toon is placed in water  ice! it will either be squeezed up and finally rest
on the ice, or be squeezed down and drawn further into the ice. The result
of this action may be damage to the dock framing members connecting the pon-
toon units together; or sometimes rupturing of the pontoon material itself.

One hypothesis of the squeezing action is that it is the result of re-
freezing water. A small amount of ice adjacent to the pontoon melts during
the day's warming sun. At night an ice cover forms over the melt water.
This encloses the melt water which subsequently f'reezes in a partially
confined space. This refreezing exerts a squeezing force which either
ruptures or moves the pontoon.

A field study to investigate the action of pontoon units frozen in lake
ice is scheduled for the winter of 1977-1978.

69





APPENDIX I--LITERATURE CITED

Ashton, G. D. 1974. "Air Bubbler Systems to Suppress Ice". Special Report
210. Cold Regions Research and Engineering Laboratory, Hanover, New
Hampshire.

Ashton, G. D. 1975. "Experimental Evaluation of Bubbler Induced Heat
Transfer Coefficients". Proceedings of Third International Symposium
on Ice Problems. International Association of Hydraulic Research,
Hanover, New Hampshire. 133-142.

Ashton, G. D. 1977. "Numerical Simulation of Air Bubbler Systems". Paper
presented at the Third Canadian Hydrotechnical Conference. quebec, P.Q.,
Canada. I'lay 26-27, 1977.

Aune, C. A., Beaudin, L. A., and Burro@man, J. K. 1957. "Effects of Ice
on Inland Navigation". Section 1, Communication 3, Permanent Inter-
national Association of Navigation Congresses, XIX Congress, London'.
pp. 71-94.

Drouin, I'I. and I"lichel, B. 1974. "Pressure of Thermal Origin Exerted by
Ice Sheets upon Hydraulic Structures". CRREL Draft Translation 427.
Cold Regions Research and Engineering Laboratory, Hanover, New Hampshire.

Duff, C. H. 1956. "Ice Landings". Conference on the Bearing Strength of
Ice, NRC, Ottawa. Transactions of the Engineering Institute of Canada.
2:3:99-100.

Dumble, J. H. 1058. "Ice Phenomena, from Observations on Rice Lake".
Canadian Journal of Industry, Science and Art, New Series, 3:414-422.

Frankenstein, G. E. 1966. "Strength of Ice Sheets". Proceedings of Ice
Pressures Against Structures Conference, Laval University, quebec,
Nov. 1966. Technical Nemorandum No. 92, National Research Council,
NRC No. 9051, Ottava, I"larch 1968, 79-07.

71



Frankenstein, G. E. et al. 1976. "Ice Removal f rom the Walls of'
Navigation Locks". Proceedings of the Symposium on Inland Waters for
Navigation, Flood Control A Water Diversions, Colorado State University,
Aug. 10-12, 1976. American Society of Civ il Engineers, New York.

Freiberger, A. and Lacks, H. 1961. "Ice-phobic Coatings for Deicing Naval
Vessels". Proceedings of the Fifth Naval Sciences Symposium. p. 234-237.

Glen, 3. W. 1974. "The Physics of Ice". Ca  d Regions Science and
Engineering f1anograph II-C2a. Cold Region.» Research and Engineering
Laboratory, Hanover, New Hampshire.

Glen, J. W. 1975. "The Nechanics of Ice". Cold Regions Science and
Engineering I'1onograph II-C2b. Cold Regions Research and Engineering
Laboratory, Hanover, New Hampshire.

Gold, L. W. 1973. "Ice--A Challenge to the Engineer". Proceedings of
Fourth Canadian Congress of Applied 11echanics, Montreal, 1973, pp. G19-
G36. National Resear ch Council of Canada, Technical Paper No. 395, NRC
13436.

Gow, A. J. and Langston, D. 1977. "Growth H:i.story of Lake Ice in Relation
to its Stratigraphic, Crystalline and 1iechanical Structure". CRRFL
Report 77-1. Cold Regions Research and Engineering Laboratory, Hanover,
New Hampshire.

Hobbs, P. V. 1974. Ice Physics. Clarendon Press, Uxford.

Hodek, R. J. and Doud, J. 0. 1975. "Instrumented Piles far the 1'measurement
of Ice-Uplift Forces". Proceedings of Third International Symposium on
Ice Problems, International Association of Hydraulic Research, Hanover,
New Hampshire. 409-417.

Hodek, R. 3. 1976. "A Field Study of Ice-Pi Le Interaction 1975-1976
Season". Unpublished research report submitted to US Cold Regions
Research and Engineering Laboratory under Contract No. DACA 89-76-C-0007.
December 1976.

Haffman, C. R. 1967. "Ice Construction--1'!ethad af Surface Flooding".
Naval Facilities Fngineering Command Technical Report R511. U.S. Naval
Engineering 1aboratory, Port Hueneme, California.

Jellinek, H. H. G. 1957. "Adhesive Properties af Ice". Research Report
38. Cold Regions Research and Engineering Laboratory, Hanover, New
1-1ampshire.

Kerr, A. D. 1976. "The Bearing Capacity af I=loating Ice Plates Subjected
to Static or Quasi � Static Loads". Journal of Glaciology, 17:76:229-268.



Korzhavin, K. N. 1971. "Action of Ice on Engineering Structures". CRREL
Draft Translation 260. Original 1962. Cold Regions Research and
Engineering Laboratory, Hanover, New Hampshire.

Lavrov, V. V. 1969. "Deformation and Strength of Ice". Main Administration
of the Hydrometeorological Service of the Council of' Ministers of the
USSR, Arctic and Antarctic Scientific Research Institute, Leningrad.
Translated from Russian, Israel Program for Scientific Translations,
3e rusal em, 1971.

Lofquist, B. 1951. "Lifting Force and Bearing Capacity of an Ice Sheet".
National Research Council of Canada Technical. Translation No. 164.
Original 1944.

I"lellor, I'i. 1964. "Properties of Snow". Cold Regions Science and Engineer-
ing I'Ionograph III-Al. Cold Regions Research and Engineering Laboratory,
Hanover, Nev Hampshire.

Metge, Ml. 1976. "Thermal Cracks in Ice". Doctoral Thesis. Department of
Civil Engineering. Queen's University, Kingston, Ontario.

Mlichel, B. and Ramseier, R. O. 1969. "Classification of River and Lake
Ice Based Upon Its Genesis, Structure and Texture". Report S-15
Departement deGenie Civil, Section Mecanique des Glaces, Universite
Laval.

Michel, B. 1970. "Ice Pressure on Engineering Structures". Cold Regions
Science and Engineering I'lonograph III-Blb. Cold Regions Research and
Engineering Laboratory, Hanover, Neo Hampshire.

Michel, B. 1971. Winter Regime of Rivers and I akes". Cold Regions
Science and Engineering Monograph III � Bla. Cold Regions Research and
Engineering Laboratory, Iilanover, New Hampshire.

Muschell, J. E. 1976. "Design, Specifications, and Construction of Pilings
for Small Craft Harbors". Unpublished paper presented at Docks and
Marinas Institute, University of Wisconsin-Extension, Department of
Engineering, May 4-5, 1976. James E. Muschell, President, United Marine
Associates, 111 North Hain, Cheboygan, Michigan 49721.

Neill, C. R. 1976. "Dynamic Ice Forces on Piers and Piles. An Assessment
of Design Guidelines in the Light of Recent Research". Canadian Journal
of Civil Engineering. Vol. 3:305-341.

Nevel, D. E. 1959. "Tables of Kelvin Functions and Their Derivatives".
U. S. Army Snow, Ice and Permaf rost Research f stablishment  SIPRE!
Technical Report 67. SIPRE is noe the U.S. Cold Regions Research and
Engineering Laboratory, Hanover, Nev Hampshire.



Nevel, D. E. 1972. "The Ultimate Failure of a Floating Ice Sheet".
Proceedings of the Ice Symposium, 1972. International Association of
Hydraulic Research, Leningrad. 1-5.

Nevel, D. E. 1976. "Creep Theory for a Floating Ice Sheet". CRREL Special
Report 76-4. Cold Regions Research and Engineering Laboratory, Hanover,
New Hampshire.

Revel, D. E. 1977. "Safe Ice Loads Computed with a Pocket Calculator".
Unpublished. U,S. Cold Regions Research and Engineering Laboratory,
Hanover, New Hampshire.

Ohstrom, E. G. and DenHartoq, S. L. 1976, "Cantilever Beam Tests on Re-
inforced Ice". CRREI Report 76-7. Cold R gions Research and Engineering
Laboratory, Hanover, New Hampshire.

Petrunichev, N. N. 1954. "On the Static Pressure of Ice", � staticheskom
davlenii I'da!. Ice Thermal Problems in Hydraulic Engineering.
Leningrad.

Pounder, E. R. 1965. Physics of Ice. Pergamon Press, Ltd., London.

Rose, L. B. and Silversides, C. R. 1958. "The Preparation of Ice Landings
by Pulp and Paper Companies in Eastern Canada". Conference on the Bear-
ing Strength of Ice, NRC, Ottava. Transactions of the Engineering
Institute of Canada. 2:3:101-105.

Runnels, L. K. 1966. "Ice". Scientific American, 215:118-124.

Sodhi, D. S. and Hamza, H. E. 1977. "Buckling Analysis of a Semi-Inf'inite
Ice Sheet". Fourth International Conference on Port and Ocean Enqineer-
ing Under Arctic Conditions. St. John' s, Neefoundland. September
26-30, 1977.

Striegl, A. R. 1952. "Ice on the Great Lakes and Its Engineering Problems".
Paper presented at Joint Meeting of American I"leteorological Society and
Geophysical Union. September ll, 1952, Chicago.

Williams, G. P. 1966. "Freeze-Up and Break-.Up of Fresh-Mater Lakes".
Proceedings of Ice Pressures Against Structures Conference, Laval
University, Quebec, November 1966. Technj cal Memorandum No. 92,
National Research Council, NRC No. 9851, Ottawa, March 1968, 203-215.

Zarlinq, J. P. 1974. "Ice Engineering in Small Craf t Marinas: An Annotated
Bibliography". Advisory Report No. 8, University of Misconsin Sea Grant
College Program, University of Wisconsin � Iladison.

74



Cl c CI
m

Ol3 0
00 m
C WC.

'!0

I> r

IL

C
CQ a!

'D
CC0CI

JJ C'c.!CJ *

Cl
Q

CJ
M E

 J

L 30

ahrtl I '7
QlC 0

CJ Lt

U

I'I
0 Ca'  J

 J
I
:iC!. JJ

m

0cl
Cl L!

a'

u m
2 Q0. r
L J

rd

Q

03J 0

C rtlL 0
J

OJ 0

0 td 0

�

0 m "I
0

3 p
Mt!

QlM

 
c nrCI:7

a
t!
0

17
'?I '

C 0
17

0VC

Gu
0Cu

! Q

u G
0

0 4
m

1> f>

aQ L
0

Ccf>
0Q! ci

I>
LI

ttd Qc aCI

0 JCC:

 J .J
If!

C
LJ;I

I  I0 a'r QJ

077 CCrdI'I

CO!
LV 0

!c C

!
v' 0CCr 'D

tr!td

C Cl

QI3

0
.'I

4Cl

C -H
3L

!0I'I
Q
C C

0

I

.'70 +

0

Q

Q

JC 00
mQ C

I.J

CP1
RC
OCC. ClH
Lr cl'I
X I

0
C I'.

0

.I
0

I7'J ci

rn"7
rd

L

C

L.

0OI 'J'. I

0

0 rd

1 0
0J-H

V C!
0 r

3ro -JC>al M

C

9 CQt

;9?'

cj l � 0.r
I

Ea!

m m

u
Ci0

V
m

C»
� 3rn 0C 4 EH ENrl Z
Oj 4 r 8rC 0 a EG L rk Cc. C' 00 I"t ttl C I 0
C 001 C»t-C W 4 0E» ddt m C0 m rd

0 P
0 0 0 vV 0 Li   I"Q rd d '00G I!C 0 Q

C tdQl Q tt> t'3 c!V 0» 'JQ Ci Ci

m !» C Gcj QQ ~, 3 " J Ol uI uV H "'  ! c! 0 . 0'G
Id J JJ 0m 7 OlI'I m hJI ! ' C JJ Q0 m~»cr» uCl a Er
Cn -13 a cJ J I aJ

'0 rtI Q»M Q!Q 1CJ JJ r 0Q 'J0 cj V !» ~dl0 t! C e 0 r'
3» C'

CH»017cr c C.ra! Hkr m Q

a!

C
cd
C H tc
0 uQ .

p o
O!Q

al CJ0» rd

m
 

I IC  J
0

Q0

0 C
Q 4 0J L

c. m0 C AQlu Cl ~ PlE
tcjI Qr

4

0 '" ID

V 3 u
0 IC

0Q

C.

0 ccEri!LlQI I0 ~

0
I lj IO01

'rt

t!ca AJ rd
C1:Q C'.II

Lk 0 cj

D ! 0r H0 "I C'I V
Q ' c' » rJ

7a
C'
B P0cl 'a

C!0

*
CJ 0'0
C � '-'
r
dl DC 7

uD
m n

'; 92
0
c0

L m0
V 0I, 0J

C
C �0 C,

0C. D
R»

C>

0

rd

r 3

IJCdCi L.
Lrd

c' aLI
CI0 .4

:70
'1
E
C

ra
rd 0

0
0
4

a!
C JCl

td

a

Q

!C
I QC

' II!
E

U flV cjm 0
 J rd ClCIa! I r!0 O'

3 IQ
0

-I L7
fd IC C0

0Q~ I w~ ld'J 0

0 ~
,1!

0 3 u � IC IQl » 0
1

! 0Clr 0uL I>r0 V 0O>
0'J ~.7

C'

0 r

0 Cr
073 0

t'. '7Ja! 0

0

ECJ

0 tj
cdC

0
I

EG .

I

I

Ll

0

C 0

0

I

Cl

0

C 0 C'

10

!
0I0 L7

C

C

I

0

a
0

0

 0 'I
C ~!

D E
4

1
0

C»

0»

0

C'4 ICJI

10

0 C
4OI

CII
CJ4 QC

al

ECIIL'!
4J

I
Q

0
!

ClCl
0a  J

t
�

"I
Cl 0 J

a

CI C;C IQ'I
C0DC I

E 04 '0
0 Q
fd ID
I 0

c D
C' 0LC L-

Q u 0
'? C!CU .I U

0 4

I 0

0 4 0
4 C

D t'

r- D

I 0
Cl

3

C'
0LJ

al 0

C Cl

m L-0IdCI4O' C

I4Cl

G
E
L,C

'C

4 C C'

f'
Q

ta
XC'

I

L! JC 04

0 C  r'
LJ
I

a a
dl a
C'
c

N

C
0

ir
C

C Oj
4 CI
C> 0ta

t

 OC:

0

z
0

0

' 'I

c'J 0

LL 0

C
C Cl0

a I
LJQ

a!

F-ar JC =

~ t

JCa

C a

! l4CI
Jc"

1
0

!
C.

0

:7
E»

CJ.
3
0

4 I,j
C � 0

m

m I Cl

I ~ Ct CI

C!C0 CI

t'JC.'

F  J'Jl
Ld 2

C1

Q CJ

Ci
C

.J

Ol td
JJE

Iddr '0UQ
E

C»ClC
C'

4 7
a3 =

L'I
C CiU
C
C'
C 0

ai

4 QJ
= 0

0. 0
a

D

C u
0 4-00

G J

Q

C- Q

Cl
td
Q0
CJ
C'

0 rJ1I
C.

Ll

33 tJ

Q

4

D

J

Im C
'D

0
C  JX
0I C
d JC' '

0

C
7

I D

X 7!
CQl
C.

 
 

?I
I J

a

J r

I CJ

Q � I

J0
C CIcl: 0
'J:

34 c 0a c0
0

C

>r

,'> C'

Dc a
.J V IQC'

x» u
E
C' ll C

4C C
!

CJC0Q 00 >7di  VQ,



QP

ClI 40
'0 Qj
0

v

Ia m
c c
Q IO

V Q r'
 J
0L V

0 v!Jl

IQ
X 'J

0 u
CI 92JC C

0 nl
V C

Q fdIJ
j!

'ca OacrvIj I
I IOac

t I
IN

c 0 m
CiD
D0
0CJ

rdnl M
06

ncGl

J! !
M 2
r; mMI

Q u Cl
D E4nlI V!

0 v!
c Q

c

D 0 V IJ
QCJ VLJ

O V!

I I

� MC

I I
c C 0

0 L CL
0

0
DQ fd

Q

tv
m 0V fll
! u"J

vi m!
0C M 00G

Q

IJJ

m D I
VJfd C QV

9
u Q

0 0
gM 0

Q cCl .g0
tl!

.I 0 0
0
0

VIQlE C
VI

E
J Q 00 0Cj

0

4 Q C
IO I

00 ~
cc 0

Ci
J ctl

c
a Vl J
Cl

2
:J

Q

0!!, 0
ml 'J

Cio cd'v
Q

I ~ ! g 0
Ql cj!

0Xnj c
I

D cd
0

I M ' lJ J4 r 0 IJ
VIvi C' C'InCl

C I 0 tQ Cl Q

Q mjj 0C !. 4 C0
QIJ Imujvnl 00c! D VJ cn

Q &m4 0CI Q tlnl oj C
L! f!JI 0 0Lcd�.JVCp 0v! vi f! E O

Vl jo Qu jj 0 cc mrd'D
QP

o'J 0c: -h u C!

X CX Inc4 40J r' L 0 m J
0 4 '= Qv r c u V

v" 0
JJ u 4C c c' u9 C C

I I! C CP0 u 00

0 1 Jj 0
.Q 3 :G

I C

c mI0 mJPQ

VI 0

IQ

QPj! L'
CJ IOLc
tnc0 ld

00I!

Q'I
0  dI

Gl3

cQ VlIG

c G

~ 8
JJV G.

cQ
L CI

  '0
V 0
L

E
9

!0

Q

0 0

QlP V
Q

VI0
4nl Itl
IO CL.

G O
c.rj
30 0

30 QC. CI

u c
C3
E V I

J G
QPF CP

u

cdJ  

-J C

V
I!

tn
0 c

0
0

r;
CI

c

j

jc

C
Cl
924 0 'u c

Q
Q 0

4 0
cC
L

C 0 VJ
0 Li
G.j
0 f

I'I
c. C

G!

C!
cv

0 rJM C
fr Q1

0
I
V
J

c
VJ

: D

G I0

CPJ
nj
? I

CP
m vp Cf

Q0 G
u cI'J 0
Q vjm
Q

LO vj4

40
V!Ql

FjQ

0I Cl

L Q r

~ !v!
V,'
CP

D 4

c JJ
J

76

c Qj iI

Q 0 m0I«
I

0 J 4 C
Qp!80 0

0 v!
Qlm v VJ  VCI

G 0C !! 0GI J tv! V 0 jj0 0 J nj

0E9 M 4 C
c
0

0 J Vrd
JJ Q!

I]
~ CZ 0

ID
QCQQl CPV '0 '0I !V, 0 0 CIOIQ Or -rv!0 0 '0 V!V 0GIOQL0 r 0COJ cdcJ 3Q MQ A Cl Id

QI 1QP
Q IO G

VJQ CiI IU
m
0 E0,0 F,

3Q 0 VGL -IQ!'0
EQ J 0

0 Q V!
Q

Q Vnj QwV0'
QQ u MrJ

0'
Itl

0 0

QljI D0
Q.c. Q4 D'v c m J clu cl

cr fj! ur QrmI
0 0 VJ
L.
! v Q
8

JDQD JG IQ! cv
!MomuL  c wr 0p 0 I! 9vl c QQ M > ~QlLG E

00  C G!Cl 0Q GP P ' cdI! J VCI M jj CJ Q Jv mQ
c r0 o,-l1jc0 3 vl vl 0 4I Mrlcd 0 v vl m vC DCjud,m t Ql

0Q  jucvc!v e 0 0VJQIO C jQQ�8cj4 Jo E co

c0
V!

t.a.
0

I

X

L

D0 CC Q'llc VJI1
0Ird

0 C

J' D
0 c

IC c,jcd

! M
'0 4
Qi 0c

C'!
u

V 0
D0Q C

 du QI
v m

'0
0r. u 'Cit r t'!uCJPrJ c .J

I'J 1LJ 0 u
rl 00 E

M
j0 0

 J

C
VP !C.' CI

Cluc C:
I!

VJ
9J !

mcL c

c
0 v!V C!J

mctl!

ICV II

J 0

lf!

0 uM ucv

Iu Q0I!'t

LJG'
E

QC 1c

Q'C
u

0 3
'V
0 !C.

JJu
0 c' J

0
0 I

C l'
0 E.l

A

i: CpE nl

J
VI nl

m cm0 C

cpQ
Ld

Cl

I
0  
VlIJ0 V

ricd J

 J u
c

rj

0

CC'r.

L
0
C!

f 0CJ
Cr

V  C'

V

CI
C

4! 2
Y~

E
CI

QP M 'l

rl OOv ctrl � I
Cj Q

ri

3

! C' CI
O
m Gi  JQI  QGJ0 Jj 4

4t..J XJJ 9

 JO
~ fn'0 'Cl

Cufd

G OO
J

0E u

cvc0 D0
0 O

cll
C C QiC QP 00 QiJP4 CMO0 C m ucc

CJ CI 0Vl c'Ou E
Q 0 VirJ Cr JP JJ

fj " Q4
3'p
J 0 ~

CC Q jj JJ
C

m C rC V! rm J 3 QoQ.
E 0 I0 g ' 0

4r D Jcm
m 0 I! Qm E '

 J VJ
90 -r m-

m
v u vJcJ CC
  jv c4 IJ E, +tvCI ' c

GwGP v!
C, I'
Gl

QP 0 Ll
C
D O0 L0

'0
C

Cia.  C.r
Q m Qp
IO

G

E Q

L !v! riuC 0 CJ

rJ0 CV o I

fn

Gl rr CP
40 u

0 Q c0L
Gc

td M 'ClC.

030
cv CIc rM jj C

2I M

'0 CG
cdfd

m

0 LJfd
C.L CJoJ' H
Gtn ~ '
fd

I!
J'

O

mflf CP
i

o

0 3

0
Qi

uV4Q V G m
Q 0 Vf
r' r 0

IJV 0c II
J 0

vj c!VQ c 0Q VI' f
9 C' fm
Q. !Q4 Cl Q

Gv,or0 ru D'JC'r-.  V p Jj
m Dfll ml

C 0 0D0 mL
0 IQ C ~tl Q r OIG

c- D J.C'C'
0 M r
Gl
CI " Q

VJ CjO!M I -IQC D cG C C 0

M
cd fC
L! Jj QJ



CP  J

c
G 3 uO
I4 A IJ
Au IU
I 0: um c

B mfa'I
G5 XQlcj 'O

CQ Ql Cc;uuL.
00 Ql�

cu0 0
IJ 0G IO J

GCf 4  JJ923 tVi. 5
'J V

F' Gl
J!
LI G '

I
V Ql

 0 -cD
0

0! C
IU  J� VIJ 5 CVP 3
0 u 'o

Cfc
4C V

c'!
DCP 0!C 0 JV0 UJCl CIJ tf

0GA C,u .Jml0
Jl I

C'p Uj prG5

0 ' 75V CP 0
0

c
C

E 0
A C ti 0

Iid Z53 ~ I D
O Glc J

0 Q
Loc.- 0JVCGm'ADC.' cc i J u/�

rflr c

-"J
13 Ql
Gl

I4Q ln

0 J
c0

0 u
0
0G V

X ILG C
Gl

0

OC'  Q
cd0c !f �

'0 0c
.. E V.0m 4GJ 0C, urd

cGl 0c �0 0 LtllLC/ ! 07

VP 0

Eu C,V
QP 0!3A 0G
0

A;C J Jj
'tj UJr0 ItlJG V

V 7 CPrd V

Clc
L + GQl 0! 0/3X 0, uGP !, 0'

LIc 5� C/c

C,

u m 0'13
CP C

C!c.ff/

0

/LC 0V

rJ+ JU
CI

0
CP

0
cua F.CP

0

c'
Gl

E 0
V

0
L, p2 OO
2 '"
�
ButtlNE
G

Clu

QJ 0
L

I

tp
c Cl

Vl
4 IU
E  'I

G
c L

Jjc
EC 0UJ V

c 0

I
O LP

~ CJ

c UjF, c

G V C,
1i'
ll �

C'
u

CPJ

c 0a,0c
0 7

c
or

V 0 /i- L

CGIU

-u = R
In F
04 '3
O. 0
L 0'3 0! ~ r!0 3

C O L ,J

~ U'

r o

LQ cd
0

'0
c crd u
r0 c!GP

0 JL'

 '

'O
rfl

0
G

0 I
cC

;4
fh

V
G J'

0! Cl

'Pj
CtV0!  JUlGl

cp
G CI5

u

E u

04

c/Jc

 / ' f

0 cj

V 4'V
UJI'j

Cr
4 A

0

 
CP

r
4'

E

c 4
0

c�
Jj
0 CP

m

fg

p G

0 0C

5flG
Un

c c

c.c "5V JcVI
If! CP

4
A

/JO'Cj
O

fc3UJG

V

0

GV

QP

3 ULIcUlG4 U;

3Qt -I
m JlGC.E G.Etrj 0

c
n nC.

23

A
0
Cl f:u4O.
g

IUD Od
4
O.G
a,� 9230
u M04 4Qj4 Q!

 U c'I
c tou C

tctl GL V

0:
A

0 J GfGP GJ

CP0! V
E

C/ 0O

 J,5

0 0!0
 U C0

3Vi J
J

Cf
JdI *rfQ rlUn0O

IJ
0 L- 

IVO'I
!

r cpIn

� A0X G

3 Cd
CPG 54  d

QPm n

'O Cj
A
c 0

IQ

J!
nc

UI
g

J u

CPcO
.t CP

0ti 0!�
IU 5

C'I

G c J
G3
a. O0 a'
a.

ej

Cr j.
0'

G 0

0!V

 QUJ AlG0!
Jl

CI'O
UJ
O

CI
GUc
A

�00
�
c

C. J3IQ
o  JVl

0!

c
0

Qj C: I
5

 / c0Ul LIQGca. Q'
0J

C'

~ !'o

0 C
 J

G ZV6 c

 
G 0
I' ul

t

C/ G

O G

0jj
5

L t

0 A

Vftt,

5,

r-  "CP

0V
� LOj

c'
c;

cr

c

77

I 'O
G

Ql0Jc

0

r oG .
QlC lfj

�'O 3I'cj wQIc 0'0'I I

21 c
m uQP

'O
m GEcG VjrflId5O' GJU

fdCl

4
0

G

cQ A

G CI

fd Cl

n r.
Uj

rJ G

c0 0!
0!0 0
CPO,V ldUJ u VC'I

cl idVItQ CJ DL,OA
0! CJ QP0 cc

cn 0 - G
c0

cI 3 Qlu clUl
C!C 4 G0 C

c0 'O
cc

VcGQ
CC ~ cn�

IU4V V'IQ3 G  d� I OV   J
Qf C'IJQl GPOa,crn

V0 C0r/IUJUC cIUV V4If! tn Cl0!Gl Cl
G4 A0  J td P0! Lc. a.UP tlj
48

I
Cf l
 d 'O

4GSV Jj
u UJ

0
C0 Cl

Gl3
�

Ql0
CJ

UJ icl 0.Xu E
UJO 0 G

A 5
0 m

rl GD
C  'IG 05 C rV!E
!Pp
� 47Ul CfGl C'

Vlj
p VlCICj u  J40C

0
GjO '0G IU GPC

Gm n
7 IQ

c
Ql

0 0D I/I
�Ql 55 0 0!n 3 JE
V 0 Altll

C ~ G0 .OC
0'

V G 0C
D V
G ' Gr0
c u

G'0 c QPJl

0 Ql I-L mCP L 'OQf0�cco0
C

C.'
VJ CL

0C 0!
! 4 GJ Cj

0 C 0Cf'I 4
m rClA 5 0fd GG O

G A
Id
0

� m

CP

c I
IO 0c

IOV

CPLl
a J  
QJ

0
cC 0c

V E
D-V

5,CJ u I

O 0 ILI
0 GO92 4Qf
0C J c7c E0 «

O' I3
G CP

r J  J
E w

n 0!cC Ga. 0UQ Vtn GA1VjO. IUc!Uj0r! 5
Cla

 J�00 00 0G C0 0
/

G

D D4C 00 Glr 0 U

Qj

JJm rtl

c! 0
Cfu w4
0 .J �

 
0Cl

;J

0O H4u vlo rIL CP3 u'O
00 0
G W5
A r

I
Ulc 5CI A
C' � 0

0
IQ V

0! UL VAClA '

0
QQ

CP  il
CP

p 4CII!!ccCrJj;C

C'
*nn

0 cu v

31
lf

 

EE
I/l0! V:0 D

I
GE

ED r.

A C4ClC C u5'au cIQ 0V
C IU

I0 C ' 0
ccpmV

C -F.0 V co c
Cj CJ'0

G ! 0

5

I rd
0 +V C/

  p
c; C

I 4rf 0C C/4

0r c-
Gu'G frV

M
�  ! Cj -J
L G cJcA

A Mc0 u

V4 .V D

CP

I
0D

Cf

CL 0 0
VCl4 13 13
Clcf,

0 cE
In70 C V

EA C.u

2~m!ld M

Dc c

fr E 4
4 L

C:rff JU
9 II'! u cl

0, G
Q  

0 f!jr cCI
Gd r cc cC

Cffn G
f«j ~ ' .u

c r EV �z J 5:dG rtn
Cr V
U' C'0 0c cUJ

cJr EM
G 7. C
V Qj

0 DA JJ C'J
C. D0 r

5r

Jr
cl 0
V

0 4
c

E
AC!C

c7
C D G

CP
G'O E
c

/c 3 I'
�r 0 Gcl a,-ccO UJ� 4 UQ
G 0 uu4 C.7r r 4C

0
JJ  J

D Ul Cl0 G
G 0
«C r'LCj

rJVi IJ

0  J

G G

v c4

0
  0 LL
r/I4Ur

c 0
t IC

V

C .tl0 UJCCJ

C F.

CP3IIn 3A  J

ri c'1
/J

05
V G

0 U!c-
4

V. l/ I
 J

nd E

,G0
0'

r!

VJr
0 =

0r.G4

I
!  'J

04V
0 cV

C

CP D
0

V

G V

n

3 0

"3 /C
a

cd

U'0 VV 40

0 rI'
Jj tn
�

f

 J
Cp /UfcP Ql

in

0P
o 0IJ
00c 40

0

Vj

4 GCc
p 4

Ql 0!
fl u

4

3
c01

c
5 CP'0

GP G
c

tQ 0Cl
FJ
cJC

V0 0!0V

00!
0JLL C:tJV

flc

0'



e!

!
AlE

ej
FQl .y

Q  '!
Cl

4 n!
! 0
0 Ci
! 0

o. m

rj IQ
C! E
J

�
«'j I
0 
I 0

Q C
AJ
2AJ20 0

L 0

!

O0  e

O.
elC

C cnao0 0 L

$, P.
J I!

IQ 4C!I'0
 DM

fn AjAi

C!!

Q Jrc  40C 3

0
~ I,fCHn 0VJ O

DO.
0
Q'

0E u
0I

IV
 J 101

Q
C.
0
0
"I

J
C:.

0

 I

J

IQ M

Ql

�

Q N02 OnlI!

0
t.

VJ

Cl 0

Cl!ri 50

nl uL nl
0

t!  J Nm 4 Q

 '!
30MMCCIn 0 nl

VJn
O

0 tn
2

-I
u

0 IQ
e!
0

A! AJ
JCZ
�0 0 O0! I'i

Vl

0 0ej 0

IQ
IQ

0 D
tnj IC 4!0 C CQ

Al
2

CJAj
I0CJ

Vi

I
I

n

�

C 0 tn

Q 0 2 0 X
5

 V2

CJ J
ICp

e0 1

e I �nI r! I

CQ rje- 2

IAt

AlI

ln

N V!

0 j'0 '0

C
I 4 ' 4
V! V!
C 1.1
I'!
g tO �

t . ClIJ

1'!

I
 '!
Cl1. 0e w
Q JJ

3

0M 4.

Al fuE E
3

I CJAJ

0  AJAl
I

JJCJ DDCC!Vl I
V Cf!

1d! r!C QCl1 V!

�
DQ n!I
D 3

O M
l! VQ
L0 E0a 1.Qa

Clue!J

V! f!
� 0

I;
0! 0
SDN 'J

41 2
449Q J '

0,
Cl CiU M1,coamt aIn

IQej2 4! Ern 1
0

J!
O Cn

C Cl

Q 0
AJ

e m

V
 n ffl

0 0

tfj
U 0 P!I ~ '
fn  /! N

NID 0Q C!DL 1
m

N CJ

nl
ftl

e!tjC
Ci
'.0

rJP!92Ql 0

O
nl
e !0 0

!!

0
C nl'0 0
0
3 0

r 0

CCi
u4!C 4I

Ql0

u

3
Ori pJ
1

mJ

40 3Clln
JJ

C' 0rj

L nl
 .

C 0CD CuQ I0N C0

Q
n!2« D X
0

1 O.0 am

Q 4
0 I

A'3
fn

0 C!0 Z

JV

C0 L.0
Ci

Q CiJJCC ni1

C 030

L 0 Itl
3 I

CJ

O C0 wCiL
V D
I
pJ «!,

0 0 Q CJ
Vl
C 4

QQ 0V V
C - 00 -X

IQ u
4

 J
I

 n
u

O  D

« 0 rj
0 0

Q u

  ID
0 u

C
0AlIQ

CQ 0C CD

0
O

Vl
g a

Pl QD JC
m Ciu
341 dl
11

IJ
mnC 0r r!I
CC!
~'4

AlIJ! IA

C 0 0
V Iv r!

I 0

V9
0 Q rl

IJ O

4!
N
40

C 0

u

C 0
0
�
1.0
U

0CJ I

J! r0
0

00'2
o rj
L m

Q

0Qi
0Q 3rl 0

0 PlV
QV

! V!
Q

4!00, r
j 4Pl O

J D
fn
Iflfn Ai

«' 0 C0
QO
0C

0
O LA

41 0
JJ
C!I
IQ 0

C!
L CQ Itl

0

J! 0ln D

0 Q

fc '.n2

M g

C 41

1 PJ
0 u

Ql
0
Ci O>4nl AJ
�C ILWn

N 0
3C wO
0rj

N r0 !IC
d!

0C!

0

0 tn
� VJ Nm 0 mV!4!C'

nl 1,0
D NO
N

0'0
I 4 e! VM V0, IJQi
C9 40 J IQ
'0 ."!4!0 CV

30 U

V
'0

r

4 O

C m

Q 14 C
lj0 nj00
M g

P L IQ
0, D X 0!C

� 'O CD
m n! C
'0tl! nl 1ID

N
3 Sl
4! D4!
CJCD
r Q

ID CJ'D
O O.

I!C!0 Qr
U Z g

I
Cl jn

v r  
Mg Q
4 X V
Q 3 00

V
0

4 tn
p

r 0
CCIVJ 0

N 2 ~L0 u 0J
02 3 riV

C 4 IQ JD'0 3
3 30 Il LCi0C 0C r 3
C dl&

Vl C CClr 0
QJI  J V
04 4

0 Dfn
u

02 4 'D
nl I!
Q j CIJ 0nj
1,
V!M I

u

O

Cl Q
g3

Q

0 c

4 I'!

X Cl
'O

C0
Q IQ ~J M dJQ'0 r

� LV

C P!

4p JJ IJ .1LC. D 4I' C
0 r:4

u r4 Q 0Nc IQ

0
41't! C.0 10CV! ! ~

L 8 Qp V
'OM Q
QecL
nl 0 2 D I
V L 0

0 N
O

nl
C
0 A'Cj O
c CL c
0 V

g«!. 0� 1
 Dr 0 ~LC! 0'O C Qm 0 E.m!njr N

Nm r m0 00
A'bmoc.j Ntn 4! Ql
Q DQ CP! V 0 0� 4C.nl IJVJ

0ti QJnn N N

0 '0
2 C0 jj

'tf! 0
40 QVlfn OI C

Q P
 I 

O fn

0Q H 'Jl

S 40
0CiClQ

4 3Vl

0 C!
N '0Cie!m a P!

0  0~ M 0ot a



I
O  '
CIm V

'0
drv 0LC
JC

4  J0 0
ID 10
 .1

O
ID

0
k~

G ta

4 J0

L IL'
LC

af
 D

O M E>
E

0

E I«f
0

LD , ,'
E

v tU
,v,

4CI Q
V

0

Ij V

O

 ! Cr

O M O Fr
0
C J

GP

G Cg

+>
0
.Lm

0 ClV
Vu Ia
4 e0
4

CI Cl
V +>0r+> 0

0 C'
.ICJ

alGu Cl 4 VI
0 I C '

M II
IZO

4
0 ta0V 04aj I'J
IDG >DCQ I I u4 d

o

'4 0
+>

4 C0 0
al0 G
alr L

4!
0

L!C L 4
0

C 0

I".

 P G 0 0
tkCi

t'I Cl
U0

0
I'I Irp

tj IDd0 LC

cD Clj
J' 'O

ci

PJ

V

'1

I"
V

de L L'
0C L   C ID

r,D!

«J

IJ C
  ~
Cl

0

al CD
eO af J
C A'
41 jjCI 0 J

L

0C ra4ap dVIt
0 ca

0
4 G

0
tDG
H 0

O I-I
E'

O M
Ek
M C 0

Cl L
A0

Ci
CI4

0 Vl
'0 I

al

al
4Cf  P0
4d d

C 0 LD

Q  00C 0
'Sl 0
+ ~

A

E
I
0

ID
0

0 I ~i'
0C+

ILI
0 i!

79

g
17fJ

M L!
M

�

9'

0-
Q

C0
uc!cl I!I trl0 u c4 'Q 0

0u Cl I'1 af'Jl V +1«1 aj V0 Iad tf'  J4 m
0 CI G C'

I G, «I I
e 0D 0 r.'! 0

0 0
0 0 LC

S. ual v0 N G lt!0 4 e
0 d0 0ECi CJIDE 'I '0 CPr,
g' ~ 4> td 'Cf
04 0G Ci4!CP 0 G

PLI4 C LCl0 G m0I L ' 0Cl G vl  JIrl CII'!aj ril ClIL'  . 0V k ' V cjaj 0C 0ClCle

C' c:! vl0

V al0m
I!

LjQ J IJ.C 4 L'!3 M 0

0 cPI M ald 1> 0II I: al

ID
d d V+P 4 ClV e u JG0 0 Cl +'

C ~ I
rI d CI Cl0 0 ! 0~ I 11IU 0 15 al

r
4

0 I!

 J
ID 4 M E

EIU C O
!0 r. 0af G

CJQ0 u �
G «IJ 0
d g

c: CD no al  J
Vl ID VlO G S

C d
V

CI rJV < I'1
'U 0
ar'r  J

1
CV u 1

.t u Q  p.1 CP0V
Cl Ic'Cl 'll al 0u Cl r' g 

+1 M >J0 t! M dCl 3 ClO 1 ClVl  J0 G M 0V LCI 0Cl 4C.r
elC vt Cp0 !  U 0tv 4
I'J JG' Cl
>G 0gC 0O

I
VID al:1 0 I

ID I!C.J. Q I
mrl> m !Il Itj4! IJ  td 1, 00S «	 Cl«J A 0 '0VIa +> al

I0 k
,D c D

m C IU1E 0r. O +>I'! GC A V

  taJG 0 CPI!
J u tv J t! +>m

1
C
u ccj 0m

CI  JI M 0
0  
3

m m 0
0
ca C' C'C: Lo J, 0til r

ClCl cl vl

3 Cl dr
e
W 0 0Qt j  J

Cl PU
Q  k

JY
I'>

1''J

92 J VrIV 1'I U
0cj u I!V 4 d
VG c1 ~ 0«Icl atSl d I0 ' Cl4 ~ 4 JC J ~ >

 J EI CI'd u «1tD 04 J JC Cl
0 C: r.'J 0

0 '0
I

CI '0ID 0

JC al atIJ Val ald CV V ~ I

I!
J- IJI! I 4!4! 0� Cr QG C 40 u +alL" Cl
C M 1>  CO JG V.CP>1 1 L!

'It a! M ta P 0Cl Cli,
al al0Iv m 4 dID 0� 4 dIJ aj 4 ClrDc' CJ

I 1 u !> 'Ltd 0IJ Cl,Q ! C 4J 0ID ICl 0 J
4O !IlI u al 4 4al IU
I J alV 'rj

u clCl 0IJ L M IIJD «5 011 LtQ +> LIJ 0 I«' '0CICl
VIE V

«5tJ 0 ClQ CP5 Vl

I
Jd

0 I  I

 ' 0 i OA

.5
0

CI 0
dG 0c e n 0 O VPJ 0GQC V 0+ '0

S a d0 C I,4
a! >P 44!0 0 0

IClu Cl'I
I!0 !  JV d 0PC
C 00 mvp 4al 0Cl0 v afI
0 CD vI G IIL VCl0 O 0

Cr Ld
Vl I'I

O

0d

40 0

0 G.ECr 04'
D
V d

4 4
tU

3 0a
uxCI CP

vl taCI ClI J 0 v!

al
 a

Q'
e 00

3 ClClO' V 0CI a

0 Cl C0
aj0 d 0e

C P
I O rjc.0 JJ

Vl

CP 4!ID4> IDC:  JIJ J 0 C.

CP'Lr O CI
C
Ia 00 Cl G«1 0M «J 0

ID I VG I-!

0 4 LD0I L I'I
al 7  L r0a' L0 I CiJ d� u +>trl I 0

Jalrv u ca VCI 0 �r.'!  ' I g
G J. v!

IJ
V I0 M 4tv

V 0 0C E I   ~
vj I 0

n' 0Cp Q '0 al
aj



C
th

CJ

CC}

Vt

»0

dt

Ih4I4t dPOIrl
Iat
S

4> Clo r>
Gr
! VfCV,

V

»J
tcf

40!
Cr

0 Cd

Cr0 Clm p
Vl

O 4»
C

S

0 0

0L

0ft
CI m
G

»J 0
4I

tri

V +>L CUI!
G0

ctP C
4+> lhcl Vt

c al0 4I
0 CJ

+> Cdctaf tUa!
0

I

Ctt

C'J

C

0 44 d

G crCJ LI I

4G0 L4I
+> 0ClOE Cr

5

S

0 Cl
S

0
cl tl

G 4
Ft

'0 Ct
0 4

Vtm ct

0

a!V
Ia di4

4VP 4'O

4 5CJ M tfl0 c! Va s
S S 4d 4

al 0co CA mc>af S 4

S

r 4 Ci
V C Lrd

444

S»I V VVtLr S CtCd
4 ! 0I,O

C! +>

I}P 92 ~ 41
I C

0 f Cf
r,0 E

4dr
4

dirJ SCr CCtO
CP 0
CC

0 C
0 GI. Ctcl 'OL Sr +>4 p! V tt:
O C Sth

S 4!
0 C6

'QCd0
SCl 4r.

4»f 40 4 0pS 04I V 5V 0G4P 4 4V I fhSC

1»0I 0 0
IhCJ CP Cl

f}atG 'I!I »» I0 W G 04 0P . IO0:1V Or'0 4 ~ > Cfa!
Q V Cf

44>VI ' Cl
3

S C»
0trl E0'O O4 1> E OIU 044c> m 0

S
d

0 Vlfrtc: v 4 s
mQ Ih ClCtJ GI Q » 4V

0G V rC
J C.'

Lr
S "J

Caf

0

S V S
Ct

0

C 0
r. 0

V

L ~
! CP
0V

m

4PHd Ci4 4
dr

S
E

a>

0 C>V I,

Cl P

m Sw E
C 0

fti4I Vafadl t1

Cr +>
30 IUa cJ Ja!

'O rtrtU CVt >>tft
4a4 o4P

G0
I

0 4 mSmCl SL 4 GS al
Clal 0 SItl a cl4c! a!

4 !> c}F
af P 4 VU0aJ 4vp aal rh+ IJ tllCJ
L IC

0 4
Gtd P ~ 'U

Ih 4af df

V G 00 CP
+>

0
0 0lh

r. af V
7. G o' 4

4 C Od S W
0

S

Y,vl 0J 4a!0 G af
'Oci 00af CU
4

0

g llr
L rd

4

0 4

I
4

0 4
td

0 0 tI frl AS difr4 ' pcf G'L» 00 l W,O+>4 M 5 r.l0 5 M St»1S.' a; KC.f+ cl 4Ci CP»t4 S I VI
Ll af 40 C >I
!I
C V >Irh 4Cl0 VQ CIISS +> cr td5 CJ 0Grt!

L'
I S 'lj

Vl Q CiI 4!td} thw Cf SL1 C 4 P0 0

S»> C PO W CPcl 3 5 a,'E 4 CJar lh0 ! Ct clC} 4 td r'Cl IOr
0 Cr afIh

4S
S

4
I

0! L th0E C!S PVr r. af cf0 +> Ef.c
c: 't.r CJ0 0w 4P
al

V +> Gr', d ~
r.Cr 0CJCh 92 ~af I L5 0G vt0 d flf 4!

P al 4I C! CiCl Ci VJ LIVl 0

G0 4 VC» I4
SV

G S0 E 0 G 4

4!
a

'4
ci alSG  J

CP4a! OfGm d
4 al IhS Vl 0!U I4 4 ~ >!J;1L! r/I

I ~C1 GCr al dV Gcf 0 rf+PI1 +> l!C: c'Cf f :SL L ~ Ih0 J r1
4I IC IJ f ~

4 CP
L .4 IC'

tr} J uM I» I>4 I WCJ ECi CCr W Cr'O C CP
4 CD

IJ 4C!
C

.C ' ~ +>Cl CI 0 afP»92 O Cr
C I> cfta v 4 v

G 4 Cl0 P
cf Ct

0cltd 0CJ
L J0 O CJ

I ~r v 4C! ctV v cr
4O 0

4
O' S 0IU ! 0
d V »
Cl~ 'J I'

04 cl Wrl I'IO C GC 0 SE
S a> Irap
a cp

Ci S

I G
04 LI V>J IrtCI

Ch
4

'4 .-I
dCJ 'tlI S O4S

cp g al P
G L 4cl
0 L4 4» al '0

r> 'tftD v L ~ a!
d O V
v C a! GS 4P C!4G0CP 0 Cf0 S CfCI C!LO C!1 m P c:vl W CPVta 4 V rL' lO OK PC w OdP IL>

S
0

Cr
0 vr s ovr V

'0L p v r,0 CfC 4c m I'
0 G Clm w M 4I.G C G VL ~ Cl ~ -r

0 I/I J 4
V 41'd CIo o V d



~ I0
a!$

fd00 0 Cf
c

fd
4 Id

ld
 !Cl4

8 0 0
L J 000 0

$!

Cl
td!

4

 0

Cl ld
0

fd
4fd I,

iflClc!
CfL

0 I
 �

11
Cl c!
N ClIJCf

A 0 0
0

P IJ
Cf
C!

e e 0 I
e

fc

e ID
4 0

IdCf
0 e 0

CfLIV, 'l7

Cl
0 0 Ct 0

3

c[ 'O4 0
0 IJ

p D!
I t. C!

n C!$

IJ
g

0
Cl C!8

0 Ii0Cf
ld c!cl

r>
$' 0 I

C!
J-I

«1
0  J af alM

I
cf ec!

0 IR

00
Cl

0'
Jl J
Cl IU

JJCI0

P 0
V!
e 0

x
cl
crCf
IJ

Cl
Cf4

4 000
a!

4

!I 0
df
e 0 fd

O

e 0

cl
0'
Cl

Cl
cl
0 I

0 0 0

I4b

0!

ID0+4

0
+ 4

Cd
Cf

0Cl

ld
0

e 0 4e

,C I'laff.'I
0 4

d-!

R

1!c:0
yfal

0

0

0
+ 0

0

0! b
+I

Dl

!D
I

I40

f1

!!J

+
ca
x

L Cf
A Cl 0ld

81

I GJ I  !I

R R

0
C'!l

P C
4JJ 4«I

0
E p

5 p
0

Cl ID
[cIf!

0
e
0

0I
IV

0 I k al
C!

d!
I

  c!

3 Cl
al

0 0  .'
a!

al

C!
fd

~ !

fd
I al

IJc!tc

df
L Cl

3 c!
e

'0 0 0 Cl
4 fd
0

4al
0

40

 J
+

Cl
fd IClc!e0I
ld
ccC! d
A 4

00

lfl
c

44000 P

o e
0
0 I!0C!
f! C!

JieIJ 0

~ Icl e

Cf Lr.I1 Cf ' ~
0IJc!

II 00

++
fD eIC0 ff1 

II 00 ! ! !
R R
4 LI 

al + GJ



s.'
'lf Il

110
la al

0 0
I hl
'd

0 I

P 4
alCl

D

4;I
C. I
01IlC3D O

tf0

4 ICI
0 I'

0+ 01M

ot I
I. aa nC I

I

L,dI+
0I
af

0

I

IA+

M

CII E
+

VmOh

CfI'-
Ml 0

0 0

Ml So

CQI

I �.

0 4-toh
4
A .a

x 0
h

A A+X
+

M I
OLV Il

+

M

0nl
nt
x

CII

I

+,C
M

4 la0$7 n
4 00 11Cl

IlII
1 ca

al

4 '0hlc n

+ 0Ccl
h

h 0
+
CCI

N x

nt XtCCI Ccl
8 LMOtl

Nx
nl

XltCI
+

CCI
LM OIt

Nx
01

X}CCI
+

t
4 MV OIIL

Cct

Sl
0 CCI

x
Ih

4 0
a

82

+ nt I, Ca ?.

g

4 0 4 0 CI
ai

0 a 0

0 fCC at

0 lh
Ch L

I40 0

al 0olII
oadl

!
rtf

C;al CS

0 alal40 a!

CC

C
S 11 V

a'I
�I 4
I-
ll 0

0

I I
0 ca
4



L 0 kt
4!lc

a!

. 'Q
IQ

r 0 4 al
d

0 L Cl
'>J
1 0 4

fd

1 tc
0

I 0

4 Q 4
0 0 Q
0 dP Q
0

r. d
cd
4

4I d

d 0 Q 4 4
0 CI
f.'I

4>4

Q V� tfl

0 qc
0 0 4!0 0

d 4 0

O 4 V 0 V CP
IQ

c!
>I 'IJC 0V

j0 O 0CI
Qj af
4!

0

a! Ia

4 N  I
044

0

C. r.
P. alIJ

!0

92
0CI I8

4 IJ0+I Cl
L !»C 0 Ir
Q

'0

m alC.' QrCP 4!4

faCP
V 4 P

0 0

CP

r al

0 04CJ a! Cl+>
0 IJ

0 0 00 4!
+! '4 '4

0 0
4 Q 4!

Ia cf
J!

4 40 0Q 0 0V V

4 4!

QIQ 0
4 0 I
Ci

P 4

'0 4 0
+>CC

O Q CJ

ID
JJ

~ 1+Pr.0 O f
ld

4  'I

0 0 d 4 4!

0 a!
v'

QP.

tl

'0 4 al
C 4 4 Cl

V O 0 O 4 al
r 4:
CQ4!

4 4 0
IJ

CIc.IJ

CJ4 0 0
4-I

0
l.
al

C!

Q

I
D CP
0 0
4 ~

CJ

C 4
f

cl
alCJ I
f 0
4

Q!

1'I

A 4!

ql
+

CJ
C ;c

0 0

I A a al
Cf

0 0 I
CI

YtjCl
'V

V
4Q O0
v.8 04 d

g H 0
o ~ Ial ta0 L Ci
O. Q0 IJ P
4! Ir M d QEi

CP 444 o al
40 al4

IP 4!fli
0 alr- m tc cQ

00
0 4 tcl WcIQ Cl

I I 0 4 ClQ fJ alClI ~ 4 40 0 0 4 ai4>O 1' CIa! o Q '4rCf Ei
4 4 0'0C 4 'dca 0 d 0Cf IJ CI

d
tQ

c 4 4
4 CJ4 Q 04

0 4
0

PJ

4 C
r c!
~ P

40

'J

I
Pd
r,4

o 0al ta

a'.
0 0

0Q
r r+>IIP4 Q C>
I I4 ~
4 a!C C

Cl Qr4 Cl
IJ Ia0,

CJ

P!
V4>

ap8

4!
4!

O4! CP4 4

tc

0 J
;1

4

tc

0 d Q
V CJ

0 4IOJ

b+!C0

f c
IL

0 CI
!C 40

tfl tJla tUa!
4 4!4 '0

I�Q

P I
;I

0 c'.
44r.c

0 0
4P

L I

'0 4
'4
0

0 t!P
4CIc!CI

C 0 I 0
d

al 	

r,
Q

C!

5

CI

W 4 0
~ I

tcf

Q 4
g

AI44ICP4

dli:
If? >0

LI
4 QJ

La 040

Q0

d 4 CI
M la

M V 444 M 4!4! CcClM 'd 4

4>d
cl

J

0
dI
l0
L
4'.

Qj
0 lfJ

IJ

al f~
CI P,
N Y

4 4
Q V

cl 0
4

V
r. a

Q! 4>

gOc

4 Ia

ICCJ
O Q C

r.

0 II
0 r

dl

I al
'at

0

JY
al

0 I

Y 4!
J J!

0 4
4

0 4 CP
I V t'
I

C 4 Ul
4!!Q
al

0 4!

d '4
al

Cl

0 al
Cj

0

40 O 0CP
4 dC C'M qp4 40 0 IQ0 0O 44

tfl CJ 41CP CfC
r 0

CY tcl P Cr>



L 0 Cl1 cl

V V/J

OJ

rl
0
0

cP
Ct
r 0
dtIC

00ca

cp I/fc/7
bf01 40,

al
Iib. 7 0'
I

tt
0 In

8
0 d

'd Cc

4 O'
Ct

4 0

P
0 I

4 C
p s4Pc
Q b I

g
af btal W 0

la I/I 0
0 at 0

d CIIa Clal al CJCl «b 0

4 cd
0d

CIJJal +I

. I0
t/J

1 0 at
Cl

J d

al

bd0
l4

04 td
0 4

ccf
0

al

'd 0 0
4

a m 0
al0 CtCl

0 4
0

« 0

Ct
Iaal

A
d 1'

Ct
0

092 ~

'0 OJ

0 0

alV
4t
al

Pc
0 L

Ia

I V P 0
atOtID
bl

C al

W Ct
ClC

8 0 0 4I

0
P al

4 'IJ
0

0

td

0 P 0
0'

4 X

tlt

6

00 0 1al I
IdIa

4Ila4I

C0

0

5

P d 4
'd I

'40 8 8 0 I Ol
3

P d E

V bd

d 0 0

Ot 8al a!I' '4 0
* 0 V~ !4Cl CI ClP,0 bt0 cde 8
al

CC V 00 C '0
r 0'+J V r1

8 4l V0 V alV 4I Ct
9 0

C +7Cl Cl C

0
4P

Ib
d 8
r
X Cl

td
8
a!

0 0 C 0 0 0 Iu
4 0

8bl

L 0 0 CJ
~ 1

Cc
!

4'

1 0
~ l

Ic

alV V C
Cl
d

af
4 td
0 4 P

JJ
8

�

40

Id
4 0
I/I

0
0I

d
II'7

4~
0

C Ct
L

1 'V
rJ
0

84

blIft 0V 4
>r 0
V d 84 0 CJ0+7 ttfCICV V Oc0d at OJ
4V C Ia0V 04
al Cl
04

Cal Ct

4 Jacd/J Cl
PV '8d 47Ct

O 4C Ct0 Cl

Cl 0+7

4

g
8V

Cl OC
d al8
al I

0
Vcll 4

I d0V 4ct al

CJ OP Ot0

I 0al dal al4Cl
atC H

Ct 4

H 'd C0

alL 0 a

af

0 cd

0 C1

H

bl
0 1
4

ICd

Ej
cd
bd

0 0 0 CI
C 0

El

0 1!

4 d 0 td
0

P 0

0 0 L
a

H

0 P 0

4 d 0 0 Ct
C 8 al

0 OJ
4

9

0

P 'rJ
4
0 4
0

0 C
'Cf

0 Cl
8 0 4 4 4J I
Cl

4 0 Oc
4I

El 8

~ Q
V

4 Cc

CrV4

X d

ca

=- H

a 0o 4P 40
al clCt4 «40
cd

Cl
alV

0, 4taM 0

0a

C0Jc

Ot al
g C

cd dI/I Id4 d C
'0

0 C tdal 4Ct
QI 0

P.
4ca td0CO. I

7 Cc tiO
0 0 0

d

4!P +7CPId Ct '4
d

OB
d

I 004 I
«

d

9
H

lc

Q;":
e

td al

0 4 0

2



f!

0 4 d CI
.4 I!

M 4 0 4
L

P 4
A cf
4 II

P I!
4

4!
E 0 V

4 cd

0

0

ad
ldC

4 al
a

0 0 rh
0I c

4 0 0 I

O I CII OI0
O O
CI

0t

Ch
IOAl

Ocp!
0

54

ca
O
OJ

Ch

II

4

CI
4 CI

0

P 0 0

4

L 0 0

0 4
4 0
f!

51

44 5

0 0

CJ

cc I
CJ

A c!
4I

E 0 0 0 I
0 4!

4 CO
0

C

!I
4 Cl
f I I
40Cl

0 X 4

CI

C 0 X CI
I

4

Ol43I
cfClI

4 al
IJ~ I

4 0 C
0

tCl

cd

a!

I
COCCI
O Cu

tc0c0
Or

4 Cl tgI

A V IJ

V r 4
E Ch

C!

4!

4 0
D 4 IJ

0

m !4
0 4

4 4 0
0 Cl

0

4
I

d

CI
+J 4I

ccl
rh
ct I

0
40

4

0

T,

0

4 al
0

4 4I
+! I
40
L

4
al
ldIJ4 4
0 I

0

al

E !I
C 0 I

4'0

L
0 I

4 0
0 tl

V al
0

Cl
4 0 I'

cac
5!
g!5
Vl

P 4
0 E B

O

CC

Jd
al4

0 4

'0 I 0 4

M I

4
0 E B

4 CI

Id
4 4

0

9

0
I

CI0
t!

P

40

0 4 4!
tl
al

I td0 0 4
CI

Cl

4 0 I
IC

5ccd0 I 9 4
D 4!

30

400
4 ah

4 4 4
� 4 4 4!
4

g
4005'C.

P 4'

0 0

CII
'0
cO

e

0 I
0 C5

0 0 0
+ E L

0 0 5'
Itd

I!

Cl

d

0 r~
cr

0 40

4 CI
V

4!
4 0

m

f3

al I
tc

L

P

'0 0 I
j

C

!d

0 ca
4
P ar
t"

4 0
A

I 0 al
rh

0 4
Ih

CJ

I'!
0

4 Oc

0 I

+ B 55
0 0

J

F+

«h

5

CL

a}0,

IC

A I
0 0

4!

0 0

I

tl

ff

4

I C!

0

0 L 0
Ct

M 4 C.'
P

g

g

+ 0
cd

4 d 0

4

g

4

0

P al
4!

al

0 4 CI

0 I

0 4
P 4!

0+c
IO

4J4

O 0
f.

E 0 0
45
4 0

O
M

8

4 0

IO

40

CI

0 L

H

t00

th

Cut-

4!

0 7 4
CI

5

0 0 4 5
0 4

Ial

0 0 4 ca
+ I
b0
4 5.

4!

0IL 4 C!
4

0 4I
g

4I

4 CI

tO

4 4 V ar
0 L

Clfc

0

85

Ej
0

B
9

CC

O ~ I

4 0 la
N

4 0 I

0 IC

d

Z 3
0

AI

!-

CI

g

4

0

0
P

O th
O'IO

0 0 IC
f!

50

CJ

+ d

P P 4 0
Cd
L td

tg

0

4 4!

td

4 4
0

Cc

0

C!



0!
0 + 0 C!

+
0

O
MIPCO

CO CJ

0 N 0c-
C!M 0 0 O0 cu0

0

0 +0 +
tu0t

0 'J!M IPOJ C-O 0 a! Ot
cu 0cu

COcu
M 0 N 0

I1 -i 000 0 0 00  u

 J
0 L0

rc0

�

0
llJC
0

0 CI
IJ

cu0 0I +L
aa JIUlttl A8 a:

L CJ 0

I,

c0 u
0 i 0

0C!0 0 0 IP 000 30 L 0 tu'CO0 0

CJ

0 0 0
L 0

OJ0 0l +
0 0Ol MI'1 I,'  
M 00 I�IA

�

c0ldI 0 00 0J rt
0 t M 00 IOO O Q 0o 0  u0tta

0L 0 0
 u10! m Q

0 CI
!O

0 O ct Ch0
0 M

M P

COU 0 0I I
0 !0 0 0 00

M
O rl

O 0V 0
Vl

0 L
rl

C

r
E0

QI t- CO

86

0
tl

O

c F

A L 0

II 1 !
11

I C 3 00

Cl

t

t u M ~ t- CO 0 ct rtt C!

o:-I
g
L ' t
0 t

I 10 IA O 0M COcu
I�

01 0CO

0 0I +

COct

Cu
�



N N
N X

w r rtt A 2 L L lC~

N

k+ +0 k

L +X
r

N
'9
4

43N
I

N

X

AC� 0
L3

t
43 4

I E"N
4 I X tl

t
3

X
C

M

I ! ti I ~
e4!

00

N N r
ri

3+ I
P CLM M

CjQ -4!

I0
L tr.
4!

DI
I'
il

N Ctl

D Dke� !CD D
W

0
I e +

X
0 +

f! 41
X

D -1
I .1
3'D

0
0 + N 0 0 0+ + 0 +

IC!M C3D
0 V

D3 D4!4 r

0

4!

H
X4!I4 4!

4

0 0
CDCh 0lCD
t

Dl

IR

!D

0 43
0

0 0 0 0N M rii
N

CC!NI0 I 0 C3

4!

D L

0 0 0 O Ir!
Q ~

M0 0

C. Ir!

4!
EI

87

R 0 R C 1 M IA t43 t D3 Dt 4 ICI Q A L! t-I 0 I Dl 3 � ta ! I ID D



P.
N + IA � � M a CQ CU Ia

Cl I I Ca M c IA IQ I- � a0 0 0 a a 0c a a a 0

0 N

cd
c- 'aIQ al C

0 O 4ClX Ic; a rl +
0Ic 0&c an I x 0

OCD CQrl N I I -., IAI C-ID a 0 9 CV M C IA '4 I -0 aIA M � IQ IQ c0 IQ 'CQ IQ lQ '0

N
Jc CVcd CI F0 0 IQ N NIC Ca W CQ CQ al QJ Ccl Ol Q t Qc Q C

ID W 0
P IQ ~ 0
4 Yl X 0

0

0 E 92Q IK0 OX CQ
0

X
0 +
IQ CQ N

Cu cn M
In M IA %0 I � � a OPl Pl PI M Pl ln

O cd N Pl C IAIA IA IA IA IA IPIA

Pl
C'J x

Pl
fw

N
IAI � ' Ca 0 0 0 JCCJ

a .a N ~ < CQ 4 CQ
CQ ' N Ca Al NIA uO I � an a 0 a N Mrl 0  IJ N Ca NCil M " IA cQ I II� CD 0 0 I N

88

N

 u Nal al

~ N

'a c'1
N N Pl

a x a
0 X 0V 0 6 O CJ W E-IIQ K X X Cc; W CQ

+

N N al

N Ca
cn

N
C

i4 cn

Cll I'JC C

AI P QC
+ I0

M

N

Q
0I

IQ CC;



 V
U CV ct ct 0

Ii tt tl I l
4 4D Cl JI tl JIA JC PJ A

� �

gCQJ

Dl 0 w  A
0 cn 0v Ec n K Cl cA Cc;

0
 E!

0 X 0E W EInc CJ I'1
0 0Ec I EpCQ CQ I'IC'I

lA 'Q I CO 0 O O iO CO cO  V  A M IA 'c0 t- CO0 Gc Gc Gc Gc Ch G G Gc O IO Ct 00 0 0 0 0hl Pl0 0 0 0

0
ID CCDI4 CcD A Cl

0
+ 4
0

D
+ 4
D

 V
cV Cll

a O

V V J ul XV VIT X
1 g

+ CQ
0 Vcn CC

Gc O I I 1 PI JJ IAIP cO t CAt- � 0 G H  Vt t- I cO cOV  At t- .~ t-

4 0 04 tl
,Y I cl cb JCb

+ 4 tc
b JJP A

I tl
cb V

IDI40
b I 4
b CV0 4I

0
c 8 Vfa I-  fl Q

IID

gCQ CL

A Ch

In A
t'lCQ VJD V  !IQ X I I

t'1 NCn tna

IAPl Pl PlGc Cl pt CV0  cJ

I4

t � Gc O rt CVPI IAJ CVIP IA IA IA IP

tc
I

5 H

44 Cl
aI I

0 4 A P

O
V Q II

0

C 0 0 cc
V CC CJ X CQ

O Gc CQ
II g t$

O

�

t-
0c1CJ I"

cn t pl I'1
0C.c V CQ

00 Cn

Cv  A w lA CO t-  O Gc 0 Ch 0 0 CVPJ PJ CVt IOciCApc IPCVPlCV CV CDCV  V

89

0 3

CV
t

0 t
0 4 I4
D Pl

Al

D
 J Kb4

PJ

CD 0D ++
D D b

cJ 0 ln I' co X  v0ltd 0 0 X 0 0CI V I Ec V c V W A Ec VC Dc 0  c X H -:- 5  Q



4«
P

J W tlC

N
44« 4«
P

H
I tc
P

4 ~ CU4«4«X P H CU ct

+

O
x  e

0 0 EIQ U. CQ
CI«0 H C'I rl0 U  U CU 2  U

I0 0 0 0 0 0CU  U  U el CU CU
0 w CU0 0 0CU el

CU
HH «4

4I + 4«P

Al

N «I

tl + IlX

I
0 O OIV CG

I

P, 0«C UI
0 0UI «U X UIV 0 X

0
t U

0
X vl

0 6  U Mo«e«m U«o; e at Ce Ch 0I � c- t t- I co0 H el

r.CU V
ICI  U +I0

e

Al +  d+ IQ + Ch

0 UI
0 «4E«CU E«

t,e N C'J0 «U c4UI 0 IU X
v
X 0

M X IA 'P I �  QO H Al MIA IA IA IA «A IllCo a U'

H c4 0
4  U4« 4« Q� P N Hl

Illx

 U 4 0

0 CII
+ 0M

0 0E'0! W  Q
0 0 Ei

0 1
u

C'I «U « IUl CU 0««
0

CJ CU 00
KCIe«   IC- ICI Cn OCUrl

OM«G t «OM M M M MCI M CUcrt
Al rlel CU CU Al

«A C«

+
0 O 0 l

0 0 «U

H H

4« + ~ IX 7-

I IU CU
0E-«0 0CG

N
4
X

I
0 P

IV « I,'I

44«X t A t t

4 CI

IIP

4«H «I P
H X 4CI W 4IX t

N 4I
H H

CI w 4«
X t P

CU
«Iel

«I

CO

g+ CII



I + I I I H g +
X !J CQ W & X X !I I!

I W 8 I +X!I 0 W X
+ f

0
+ I

OI IA + IA

0 I+ O CQ
CQ ID

0 Ol Cd I
0C,'I E C!0 CQ

Ol
ID g

IV C! IQ
0 I-! 4 0 ECQ ID 4 u!

0O I

QI P92 IA CQ I CD DI 0 Pl OJ0 0 0 0 0 0 0 0CD Ch O M Ol M -f cn CQ P CDCD CD QI QI DI QI DI 0 0 OQl 0 0

CQOl

Ot

CJ

I I

M

PJ PJ

4 4Pl

+

CPl P'I 0 !I X

Pl
TQ

0 0EJ Ei oX CQ Ql 4'O ~ I-
X 0
O CQ

0 E
Ot W cA CQ k! m ChCQ I> t�

CG 0 O R OJIA '0 ID 0I � I � l � I � I � I � Q! CQ

C!UI
0 CI

I I0 0

ID I I

t0
4 I 4 IDK Q! Ol Ol Ol

lD
IQ 0
C! CQ CD

I I

R 0«Q CQ tQ
0 OQI

0 PI g
!C CQ 4: CQ

0 OtQ CQ D8 P-CQ CQ

O I I CJ PlOl M Pt Pl Pl M CQ DI 0Pl M M Pl Pl Ch 0IA cA OI PlIn IA ln

PI
t

Ol7 PlOt I J!X 4! X
Ol CJ YiA J J J 4! X

I C! I ID OI

gCQ CC
0CQ O 0 4 OII! ID >C gCQ CQ O OI!C I

0 I-1OCQ C tQ 4

0: fl M In I � CQ Ct C! M D QI 0I H 8 4 R Ol Ol OI M M IAOl OI Ol

91

CJ

Ol Q

ID

0 IIII! kII 00 K
k PIC I

IDIl
0 Cl

I0

I

D I 0
4~I

JC 0 M 0 D CD

0 QI
+ a

gCQ W CQ 4 CD

CL
IV

CQ

'PI
0 0 I

0I I0 0IC K N N CD I



cu

I I0 0 Ci

I In In CQ I

Cl Oc
t4 g0 CD0

CQ t -V40

40 O4 '0 ~ Cil Pl W IA IO I- Cf! Oi 0 4 Cll PlI- t � t t t I t- CO CO CO 4O CO CO CO CO CO CO O4 Oi O4 O444

lc44
OCO

44 e
Cu

Ol
44 cte

Pl
0 4Q 44Qt CQ CQ'Ll 0 5 CO CQ 0

In CO t QI Oi 0 rt Cu Pl M In 4O t COin in In CQ CQ 4o CQ cor4 R i4 44 i4 rl R rl
0
rl

cu A

44 44 II 44 il 44
t ICi Ci 44 Cl 44 ClA 44 44 IQ

14.44 � 44
Ol Ol

cu 44 44 0

g g g g g g 0C-
tQ

0
45 0 Oi Cu 4' IQ

cu pl a In CQ I co a 0'Pl Pl Pl PI Plt cO Oi 0cu cu N cu Cu plOi 0 rt OI
rt W il

92

4444
At 44IID P M A

44

d O Oi

Ol

5

tl
1

CD+

+

g

Cu

g 8CQ i4 tQ CQ

0 Cu

gCD

+

44 CQCQ



GJ
�

00 0.+ CU +H !- I Cf

 U
Gl

+ !CGJCC

+ U
!I

Gl
l4GJ a

+ 04! CJ O

0 H GJ M«1
~ -1 0C!i:.I I +  D I ~  P

0

� r  t+ «C. !
0GJ  <U!

0
+ X cn o P. 8

CG CD t cb Dc O R GJ0 0 O O 0M
M0 0CA CD I CO Dc O J Gl0 Ch Ch Dc D O D Oc 0 C> 0H

I
!C C~ C!' 0'

!C

Gl GJ
CJ  'J

!C

!c
U!0rc  UI
elUc Uc 4

Gl

GI

Gl !cIC CJ !C

O
U !C U

I R 0 v! U! X
+ g W c-'! U !U U t t 0

klXR XR~hH '"X

CU di ri

u 0V! rl �
«4
t � r I

CD C!c 0 H  U M W IA 'LD H CO Ch 0 W G,'C C !G c C CD CD CD CD CC! !O CD CD CD 'JU t - I t M
t

kGl C'I

'C
IX0 d!Gl

CU

0 I
0" e

0 Gl 4

Gl Gl

0 b+ IXb t! + II-I X

Cll

+� !C+ '0
0 I+
0 � 0 4 0

cO
I + Gl 4! + I M X A !c  O Ch +

g g ' gJ0 0 O L7«C

CA CA IA blCO OC 0 rl GI M ~ U' CO t- CDPl PlOCV M M Gl ChM M M

GJ Gl

0 D+ I X U!I I 0 '0 +

Gl

U! 0+!c+ t!!C

0+
I 0!C H

GI

0 I !C W
0 !C

Gl Gl

b
X HID+ 0 D +H

I CO
CA ~ 4! I CO GJ ~  c! I I

~ go ~~ o5 R R ~ o~ o5 g P
� ID 0 � 0! IZ  K 0 0! CO

I ~ Cu 4! I + Gl + +  A
g 0

0! R M
O 0vvcn~gPo U!C! CU� «C 0

CC M M !A CD t cb Ch O Gl M m !A cb I�rl 6 rl rc H H Ch 0Gl Gl GJGl Gl G!

93

4! I I
U! 0 0
0! g Ft

Gl

0
+ 0

H

GJ

0 I
+X

Gl

I
0 !C

b +I!C
M

GI

b+!C XI 0

Gl

0 I
!C0

M 0   !

Gl

D X ID
0 I +



IIAI
CI+Ic rrI OI Ol CCI

cD QI k CQ
CQ P

CC O CQ

+ RQ
0

IL k 0
0 CdIQ IQ CJ

~ 0cdID
9

X + c Vl

IA CQ I CD0 0 0 0 0 0Ol Ol Ol OI Ol CJ
Dc 0 A OlOOI OI Ol Ol

IA CD I- cD Dc 0-I + OIOl Al Ol Ol AI
CCI Dc 0 YC CuDc Dc 0 0 Orc Yl Ol Ol Ol riC'U Ol

AIIYI

OI
cC +

dc Ol OJ YC CJ

0 " IA
A OEc

x0 0c [-I
0

0
Cd VJ

IQ 0

0 YC O, CA M I A QI'I Cc Dc . Cc Dc 0;rl
I CD Dc 0 H Ol IA ~ IA CQ I CDC C- CD CD CD CD CD Cd CD CCI «CI CDrc

Cr
I

IA c-I

Ol
Ol +

C dc C0 dc C P.

rrlCr
g IP O
Vl b CQ CQpIL' 3 IO

+ 0
0 I-I
cQ ID +

0 I
CJIQ OH IL c'

X 0
CQ

C'I M'Jl iDI- Ird C, OuA IA IA rccAIA cD I CD D 0 R CJ

0 0

+

ID
I0+I JI.

rl'CQI'J
CQ X CQ v g

O X 0

rl OJ Ol 0 0 OP CQ CQCd I
Ol crl A IA cD 92 CDCrl IrlCA CD I CD Clc 0 IOI Ol OI Ol OI Ol CJrW

Dc Cl YC OIAl Al OIID

94

OIOI

I

+ 0
F ICQ VI

+r

OI
OIYl+ IC

0 OO' X 6 + c. cQ ID

+

Ol
ICI

c
0 C.lX 0

' ~

I
dcI Q 0

IA 0 CQ PC I

JC

+
0



rc III
DI 5 S b QM

 ID 4 C»
O»l 0 p

» DI 0 I I/I CD 3

CII Pl

.'i R 8 F
C I C6 CD CQ

0 A Gl MIPPl M Irl 4r t CDI CD Ch 0 M CIIPl M ~ ~ T

4 DICD I-I

PIDI
+ r- + rrr

tk
0

MID + Ch + r/I
s-I g A g
r4 cC CD Crr C4

0 R
g g W g5 cb v ID 5 I4 r o o

CII M ~ IllCII C'r CII III DI0 C- IDCII DII- CO DI 0 IA '4
M

95

4 +

0 D

CII »C 0
r4 4 g w v
t K + III CC R + DI

DI 0 r I Cll Pl ~ IPCrl M Pl PI M Pl

CgCII

4 bD ++ ICDD4I kl

Cv

I tD

CII CII

D D

0
0 0 I-'I g
CQ CII CD 0

DI

0 D bIC

Pl







TABLES OF KELVIN FUNCTIONS AND THEIR DERIVATIVES

by

D. E, Nevel

The bearing capacity of a floating ice sheet can be computed by considering it a
plate on an elastic foundation. The differential equation describing this is

4
p' w + w = q where the operator

k

d' 1 d' 1 d
~X dX "X ~d ' X dX

Assuming that the boundary conditions are symmetrical with respect to the origin,
the differential e quation becomes

d4w 1 d3w

dX X dX
Z dew 2 dw g
Xr ~dX Xs dx k

where

x, 0 = polar coordinates

X=x/g

Eh3
characteristic length

12k 1-9

The solution of this differential equation, is given in terms of Kelvin functions as
 Wyman, 1950!:

w = Aber X! + Bbei X! + C ker X! + Dkei X! + k

These Kelvin functions are also important in other physical problems, for instance
in the fields of electrical engineering, heat flow, and shell analysis, Because of the
wide application of Kelvin functions, there is a need for a detailed accurate table
presently unavailable,

The formulas for these functions and their first derivatives are:

n=o, 2,4, 6 n=2,4, 6

98

q = uniform distributed load

k = foundation modulus

w = deflection

E = modulus of elasticity

h = thickness of the plate

p, = Poisson's ratio.

n

 -1! �!
ber X! = !

n
Z X

�  -1!  -!
ber  X! = , , y n!

2
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kei'
kei"  X! = ker X!

X

kei'"  X! = ker'  X!
ker Z kei'

X X

f X kei X! dX = - X ker'  X!

Table I gives the Kelvin functions and their first derivatives. Table II gives
ber  X! and bei  X! and their first derivatives. Thes functions were computed by
means of a Bendix G-15 D electronic computer.

The tabulated value consists of a sign, followed by two digits representing a
floating point exponent p as used in Bendix G-15 D Intercom 1000 D  Bendix Computer
Division, 1958!, followed by a twelve digit number. The correct value of the function
1s

p-50
 sign! �Z digit number! �0!

Example: ker' �.050! = -5Z.199803991ZZI
or -19.9803991ZZ1

in f los.ting point

in decimal notation.

The values of the functions are plotted in Figures .l-3.

The appendix gives the method used in' computing the functions.
The solution of the symmetrical plate problem is

w = A ber X!, B bei X! t C ker X! + Dkei X! k

1 dw
radial slope = ��

«x
d~w u. dwl

radial moment = - kf dx X dX j

radial shear = -kf � A bei'  X! + B ber'  X! - C kei'  X! + Dker'  X!

tangential slope = 0

>I 1 dw d~wtangential moment = -kg~[ � � i- p. ~ JI X dx dx J

tangential shear = 0

displaced vol of water = Zmg J X wdX.

REFERENCES

Bendix Computer Division of Bendix Aviation Corp~ �958! Manual CB-078, Intercom
1000 ro rammin s stem for the Bendix G-15 corn uter.

McLachlan, N. W. �934 Bessel functions for en ineers, Oxford University Press.
Wyman, M. �950! Deflections of an infinite late, Canadian Journal of Research,

A Z8. 2 93 -302 .
"' 5630 Arbor Vitae Street, Los Angeles 45, California.
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The computed functions are accurate to the last digit; except that ker X!, ker'  X!,
kei X!, and kei'  X! are occasionally in error only in the last digit.
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Figeze l.
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Fi.gure 2.
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